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1.1 Introductory Remarks 
Interest in the behavior under torsion of structural members has' 
lagged noticeably behind the large volume of analytical and experimental work 
devoted to the study of behavior under flexure and shear. The most likely 
cause for this lack of interest .is that in buildings assumed to be composed 
of articulated simple elements, torsion could be eliminated by special 
arrangement of the horizontal and vertical members. If, as in the case of 
slabs monolithic with spandrel beams, torsion could not be eliminated, even 
on paper, the problem was either ignored or was catered for by reducing the 
permissible shear stresses. A similar development occurred in the practice of 
designing columns. For many years, the bending moments in columns were 
ignored, the effect of eccentricity being recognized indirectly by high 
factors of safety imposed on the axial load. Today, all design codes offer 
the designer elaborate methods for proportioning columns subjected to bending 
and axial load. However, the effect of torsion is still ignored in most 
codes. 
As long as safe structures can be built ignoring any torsional 
effects that may exist in them, it may be justifiable, at least on the 
grounds of practicality, to consider the investigation of torsion a secondary 
matter. However, more sophisticated methods of analysis have become avail-
able to determine the stresses and deformations in monolithic structures, 
particularly the edge members of slabs and shells. Furthermore', considerable 
progress has been made toward the solution of many problems related to 
combined bending, shear, and axial load in reinforced concrete members. 
Consequently, the necessity of.understanding the effects of torsion has 
become a critical issue. 
2 
1.2 Object and Scope 
The object of this report is to survey the analytical and 
experimental work on concrete subjected to torsion and to re-evaluate the 
evidence in terms of our current knowledge of the behavior of concrete. Such 
a re-evaluation enables .us to determine what our present state of knowledge 
is concerning the torsional behavior of plain, reinforced and prestressed 
concreteo Also, correlating and re-assessing the evidence proves useful in 
developing a working hypothesis for the behavior of concrete subjected to 
torsiono 
Appendix A briefly presents the classical theoretical work on 
pri~atic members subjected to torsion from both the elastic and plastic 
points of view. This appendix is intended to serve as a reference for the 
salient points of the elastic and plastic theories and as a basis for 
evaluating the experimental evidence. 
Appendix B is an annotated bibliography of the experimental work 
published to date. It is hoped that all of the available experimental work 
has been included L~ this appendix. Following the annotated bibliography 
is a compendi~ c~ research data, which is to be read in conjunction with 
the annotated ~eferences, giving the geometry and composition of all of the 
test spec~en~ an~ ~~e experimental results of the various investigators. 
C~a;~e~ 2 :5 a summary of the data tabulated in Appendix B to-
gether wi th 8. c J=e~. ~ ar-y on the summary. This chapter sets the stage for 
Chapter 3 in ... :-~l::- t. :. 5 d.iscussed the degree of correlation between certain 
hypotheses adv~:ei to explain the strength and behavior of specimens sub-
jected to pure torsion and the experimental data tabulated in Appendix B. 
Certain of the hypotheses are based on the classical work presented in 
Appendix A. 
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In Chapter 4 the behavior and strength of specimens subj ected to 
torsional and other stresses is discussedo Because of the dearth of evidence) 
either analytical or experimental) little can be concluded) at the present 
time) about the behavior of reinforced concrete subjected to combined 
effects. 
An extensive bibliography of references dealing with the subject 
of torsion is also presented. 
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2. SUMMARY OF EXPERIMENTAL RESEARCH 
The statistics presented below are based on the experimental data 
of the sixteen investigators recorded in Appendix B. Considering our present 
knowledge concerning the behavior of plain, reinforced and prestressed con-
crete subjected to torsion it is surprising how many specimens have been 
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tested. From Morsch's original experiments in 1904 to the latest work by 
Zia in 1961 a total of 568 prismatic specimens have been subjected to pure 
torsion or torsion combined with other applied loads and moments. 
The specimens have been itemized in Table 2.1 under two headings: 
a. specimens subjected to pure torsion 
b, specimens subjected to combined stresses. 
Under the pure torsion heading the specimens have been grouped according to 
type and position of reinforcement. The four groups are plain, uni-direc-
tionally reinforced, reinforced, and prestressed. Under each of the four 
main headings the data has been further itemized according to the shape of 
the cross se2~~o~, e.g., circular, square, rectangular, iT' and tLV, and 
i I v 0 Fo:- ea.2:: ~::pe of cross section under each of the main headings the 
variation ::f ::'O~.2:-ete cylinder strength and the variation of the transverse 
and longi~~d:~a: :-einforcement ratios have been recorded. Data is lacking 
on the v8.!'"ia:::'o~. of prestressing reinforcement since a number of the in-
vestigators :-e;:,orted only the effective prestressing force and did not give 
details as t2 t~e number or type of cables used. Nylander used external 
jacks to apply an axial compressive force before twisting the specimens 
to destruction. The results of his tests are included under the prestressed 
heading although no prestressing cables were used in his spe~imens. Humphreys 
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used unbonded Lee McCall bars in his specimens while the other investigators 
used bonded specimens with either high tensile wires or' Lee McCall bars. 
Of the 568 specimens tested 493 have been tested in pure torsion, 
if one includes the 143 prestresse.d specimens in this category. Sixty-five 
specimens have been tested in combined torsion and bendingo These include 
plain, reinforced and prestressed beamso Nylander subjected ten rectangular 
reinforced beams to torsion, flexure and s4earo For statistical purposes all 
seventy-five specimens have been grouped under the 7 combined stresses! heading. 
The data have been further itemized according to the geometry of the cross 
section with the variations in concrete strength and reinforcement ratios 
recorded for each shape of cross section. Because of the small number of 
specimens no attempt was made to group the specimens according to reinforcement 
types. Nevertheless, it should be noted that 23 of the specimens were pre-
stressed. 
In Table 2.1 the over-all variations in concrete strength and rein-
forcement ratios are reported for all of the specimens tabulated in Appendix B. 
For a detailed account of the previous experiments, on the subject of torsion 
! i 
the reader is referred to Appendix Bo In this appendix a resume of the 
object, scope, test results, and conclusions is presented for sixteen 
separate investigations performed by fourteen investigators 0 Following the 
resume the experimental data from the sixteen investigations are tabulated 
for convenient referenceo 
3. PRISMATIC SPECIMENS SUBJECTED TO PURE TORSION 
3.1 Plain Concrete Specimens 
(a) Sources 
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Experimental results for plain concrete specimens subjected to 
pure torsion have been reported by 14 out of the 16 investigations presented 
in Appendix B. Only Ernst [1957'J and Gardner [1960J did not test such 
specimens. In all 113 specimens were reported. 
(b) Behavior 
The experimental investigations of the behavior of plain concrete 
reported in Appendix B show, without exception, that a specimen with a convex 
cross section fails as soon as the first crack is formed 0 The failure is 
sudden, destructive and without warning. 
The behavior up to failure is characterized by small detrusions 
and little evidence of distress in the concrete until the first c~ack 
develops and the specimen fails. The torgue-twist curves for plain specimens, 
where reported in the literature, show a nearly linear relationship between 
torque and angle of twist up to approximately 80 percent of the torsional 
capacity of the specimen. Before failure, sufficient inelastic stress re-
distribution occurs to cause the torgue-twist curves to bend over slightly 
just prior to failure. A typical curve can be seen in Fig. 3.1. 
It can be shown that in a beam subjected to pure torsion, the 
principal stresses occur at angles of 450 with respect to the center line 
of twist and both the principal tensile and compressive stresses areegual 
in magnitude to the torsional shearing stresses at any given point in the 
member. Since the maximum tensile stress is less than the maximum shearing 
stress for plain concrete, one would expect a plain concrete beam, subjected 
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to pure torsion, to fail in tension when the applied torque produces a 
tensile stress equal to the ultimate tensile stress for the concrete. This 
predicted phenomenon was observed in all of the experiments on specimens 
with convex cross sections. Specimen K8 in Fig. 3.2 shows a typical plain 
specimen after failure. 
The behavior of members with I -sections deserves special mention. 
For the specimens tested, the investigators report no unusual variation up 
to cracking· :from the behavi'or for· convex members.... Cracking first occurred 
in the webs of the specimens where the elastic theory would predict the 
highest stresses to develop. The initial cracking reduced the stiffness 
of the specimens quite considerably but failure of the specimens did not 
occur until the 450 cracks finally propagated through the flanges. In the 
final stages before failure the flanges were observed to be resisting almost 
the entire applied torque. 
(c) Strength 
In developing an analytical method for predicting the failure of a 
circular or non-circular prismatic member, either an elastic or a plastic 
approach can be used. A stress-strain curve for plain concrete indicates that 
it is neither a truly elastic nor a truly plastic materialo Concrete 
possesses the ability to deform inelastically an amount necessary to affect 
a significant redistribution of stresses before failure occurs. There is 
not, however, enough inelastic strain capacity to allow a section to become 
fully plastic, i.eo, to have a c.onstant shearing stress across the entire 
section, under pure torsiono 
If a section is only partially plastic, the outer fibers will be 
stressed to the ultimate whereas those near the center of twist will be 
8 
less highly stressed and will behave elastically. Since the outer fibers 
will be more highly stressed and located further away from the center of 
twist, their contribution to the total resisting torque will be much greater 
than the less highly stressed elastic fibers near the center of twisto 
Armstrong has shown, in a recent paper (Armstrong [1956]), that if the strain 
plasticity ratio (i.eG, the ratio of plastic strain to total strain) is 
one-half,the ultimate torque for a circular section is approximately 
whereas the ultimate resisting torque for a fully plastic section is 
where 
:n:fD3 f 12. max 
f 
max 
ultimate stress in the material 
D the d;iameter. 
The difference between a plasticity ratio of one-half and one is 
quite small for non-circular sections also. From the torque-twist curves, 
the non-linear portions of the curves in the region of the ultimate torque 
indicate a certain amount of inelastic strain in the concrete 0 Therefore, 
it was thought that the best results would be obtained by using the plastic 
theory and assuming that the section would be fully plastic at failure 0 
Since a plain concrete member will fail in tension and since, as pointed 
out above) the principal tensile stress equals the maximum torsional shearing 
stress at'any point, the stress which should be used in the equations for 
maximum resisting torque shoul~ be the maximum tensile stress of the concrete. 
The theory for the resisting torque of a fully plastic section is 
set out in Appendix A. The formula for a rectangular s.ection is: 
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b2 1 T =- (d - - b) f 2 3 max 
where T ult:!fnate torque 
b breadth 
d depth 
f ultimate stress in the material 
max 
Formulae for a number of cross sections are presented by Nylander 
(Nylander [1945J). These formulae were computed from the sand heap analogy 
for which an explanation is given in Appendix A. 
The greatest difficultY:in "")redicting the ultimate torque of any 
section is encountered in determining the ultimate tensile stress of the con-
crete. A formula for predicting a safe tensile strength based on the cylinder 
strength, f', is: 
c 
f' = 4 !fT t ~ ~c 
where f~ is in units of psi and the constant 4 in units Of~. 
A ~apt. of ultimate shearing stress, which equals f t versus f~ is 
presented :~ Fi£. 3.3 The points on the graph represent the values computed 
using the =e~~~e~ ~~rques and cylinder strengths of the various investigations 
cited in the The lower bounding curve represents ft, = ~ and 
it should be ::=~~e~ ::l3.~ none of the values fall below this curve. Thus, it 
appears fro::: ::-:.~ ~:',-=-..L:"e :.hat a safe and yet not too conservative estimate 
of the ul~~a~e ~c~s:'~nal capacity of a member can be obtained by using the 
plastiC theo~': .~ :.:-. "$" as the magnitude of the maximum shearing stress 0 
It sho~:d be stated that Cowan and Zia are of the opinion that the 
inelastic strains encountered in specimens subjected to pure torsion can be 
neglected and the elastic theory should be used in preference to the plastic 
theory to predict the ultimate torque of a given specimen. For specimens 
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with convex cross sections consistent results can be expected from either 
method with a suitable adjustment of the load factors used for design pur-
poses. The elastic method when applied to specimens with concave cross 
sections, such as T- and I-sections, predicts strengths which bear little 
relationship to experimentally measured values. The plastic method on the 
other hand yields consistent results for specimens of both concave and 
convex cross sections. 
3.2 Prestressed Concrete Specimens without Web Reinforcement 
(a) Sources 
A total of 143 tests on prestressed concrete specimens subjected to 
pure torsion were reported in the following references: Nylander [1945], 
Cowan [1955], Humphreys [1957], Gardner [1960], andZia [1961]. The pre-
stress was supplied either by reinforcement or by external axial loading 0 
(b) Behavior 
The behavior of prestressed concrete specimens without web rein-
forcement bears a close resemblance to that for equivalent plain specimens 0 
The axial compression (supplied either by prestressed reinforcement or 
external jacks) alters the magnitude and direction of the principal stresses 
so that these axial compressive stresses must be overcome by the torsional 
shearing stresses before cracking can occur. Thus, the effect of the 
axial compression is to increase the torsional capacity of the specimens, 
in certain cases by as much as' three times. This increase is limited by 
the compressive strength of the concrete. The upper limit of the compre~sive 
stress appears to be about 80 percent of the cylinder strength; above 
this stress a compressive, rather than a 'torsional, failure is likely. 
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The cracking pattern for the prestressed specimens tested depended 
largely on the amount of prestress applied to the specimens before they were 
twisted. Increasing the prestress increased the magnitude of the cracking 
torque by altering the magnitude and direction of the principal stresseso 
The cracks developed along helices oriented at right angles to the direction 
of the principal tensile stresses. If prestress had not been applied to the 
. 4 0 speclffiens the cracks would have developed at 5 to the axis of twist, but 
the application of axial pre-compression decreased the slope' of the cracks. 
Gardner [1960J reports crack angles as low as 200 • Specimens with convex 
cross sections failed at the development of the first crack. Members with 
concave cross sections, such as an I-section, cracked initially at the 
midheight of the ~eb but did not rupture until the stresses in the flanges 
reached the tensile strength of the concrete. At this point the cracks: 
spread f~o~ the web into the flanges and the specimens failed abruptly 0 
~~e torque-twist curves for prestressed specimens were similar to 
those fo~ equivalent plain sections in both shape and slope indicating that 
the axial cc=p~ession does not noticeably alter the initial stiffness of a 
specime~. 7he ~c~que-twist curves are, for the most part, linear but just 
before fa:::''..::-~ they bend over slightly indicating a loss of stiffness and a 
re-distri ~''''::::'':J;. 0: stresses. The I-beam specimens showed considerable 
ductility a::e~ initial cracking had occurred. The shape of the curves 
beyond the :~a:(:ing torque for the I-beams depended largely on the amount 
of prestress :'::g a.."1d the geometry of cross section. Gardner [1960} and 
Zia [1961J both feel that the apparent ductility of the I-beam specimens 
that they tested should not be relied upon in design since large cracks in 
the web and considerable permanent detrusion of the specimens had occurred. 
Figure 3.4 shows a typical prestressed beam without web reinforcement 
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after being twisted beyond the cracking torque, while Fig. 3.5 shows a 
typical torque-twist curve for the same specimen. 
(c) Strength 
According to the maximum stress criterion a plain concrete member 
subjected to combined stresses will fail when the applied moments and loads 
cause the resisting stresses to exceed the capacity of the concrete. 
Therefore, the torsional resistance is increased by increasing the axial 
compressive stresses, provided the principal compressive stress does not 
govern the failure load. 
In the case of combined axial load, and torsion the principal 
tensile stress, at' is equal to: 
a 1· 12 2 
at 2 + 2,..JrJ + 4:-
where the applied compressive stress 
the torsional sheaIing stress 
If the above equation is solved for "' the torsional shearing 
stress, the equation becomes~ 
This value of ~ in terms of at and a can then be used with either 
the elastic or plastic theories to predict the torsional capacity of a 
prismatic member initially loaded in axial compression and then twisted to 
destruction, if at is set equal to the maximum tensile stress of the 
concrete, ftO 
For any section the torsional capacity is~ 
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where B is equal to twice the volume of the membrane for the elastic theory 
or twice the sand heap for the plastic theory. For example, for a rectangular 
section: 
B cb2d for the elastic theory 
B ~ b2 (d - ~ b) for the plastic theory 
where b width 
d depth 
c = a constant which is a function of d/b 
If the above equation is solved in terms of ft' one obtains~ 
where T is the measured value for the ultimate torque. 
u 
It should be noted that the above equa.tions are still valid if 
the axial load is tensileo Axial tension would, of course, reduce the 
torsional capacity of a member. 
Both the elastic and plastic theories have been used to analyze 
prestressed beams without web reinforcement, by assuming that the prestressing 
force is applied axially and that in cases where the prestress is applied 
by internal stressed reinforcement that such reinforcement does not affect 
the torsional properties of the member. From the evidence of inelastic 
strain in the concrete and in some cases in the steel, both Nylander [1945J 
and Gardner [1960] favor the plastic theory, especially when dealing with 
I-beams. Cowan [1955] and Zia [1961J, on the other hand, prefer the elastic 
theory even though the predicted results for I-beams bear little rela.tion 
to the measured results because of plastic deformation in the re-entrant 
corners. 
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In order to investigate the suitability of the elastic and plastic 
theories for members subjected to both axial load and torsion a graph of f t 
versus f: for rectangular specimens has been prepared (Fig. 3.6)0 
c 
The points in Fig. 3.6 representing Nylander's specimens fall 
just above the limiting curve of ft, = 4~ if the plastic theory is used 
to compute the torsional shearing stresses. .On the other handy the points 
computed using the elastic theory fall considerably above curves representi.ng 
f t = 4$ and the ft, = 5. 5 ~ indicating that the elastic theory over-
estimates the tensile stress in the concrete for a given torque. Thus, 
Nylanderis data compare favorably with his conclusions that the plastic 
theory should be used in designo 
It can be seen in Fig. 3.6 that the points plotted from Humphreysg 
and Zia. is data fall below the safe limiting curve, f t = 4fo if the 
plastic theory is used and well above this curve if the elastic theory is 
used to compute the torsional shearing stress. It would appear from this 
result that only the elastic theory predicts safe torques for an a.ssumed 
tensile stress. 
The elastic and plastic theories each seem to produce satisfactory 
results for certain selected data but not for the whole range of available 
data. The primary factors affecting the strength of the specimens are the 
shape of the cross section, the type and magnitude of the applied prestress~ 
ing force and the concrete strengtho 
The stress strain curve for concrete shows a decreaSing am.ount 
of inelastic strain with increasing concrete strength and:. thus it might 
appear that the plastic theory should not be used for specimens with hi.gh 
strength concrete. The points shown in Fign 3.3 show, however) that for 
plain specimens the plastic theory yields satisfactory results for specimens 
with cylinder strengths in excess of 8,000 psi. 
15 
The ratio of depth to breadth for rectangular specimens does not 
seem to influence the strength to any marked degree since all of Nylander's 
and part of Hymphreys' specimens were square. Nylander~s results support 
the use of the plastic theory while Humphreys? results support the elastic 
theory. 
The prestressing force applied to the specimens was concentric in 
every case but in Nylander1s specimens the force was applied by external 
jacks while in all of the other specimens stressed reinforcement, both bonded 
and unbonded, was used. The effect of the prestressing steel, on the 
strength of the specimens, apart from the precompression applied to the con-
crete, was ignored. It is difficult to imagine how longitudinal rein-
forcement only could increase the strength of the specimens by more than 10 
to 15 percent (Section 3.3), especially since the failure cracks are oriented 
at angles less than 450 to the axis of twist due to the axial loado 
The magnitude of the prestressing force, along with the applied 
torque, governs the magnitude and direction of the principal tensile stresso 
When the axial compressive stress is large it might appear, from a study 
of Mohrvs circle, that the specimens would fail in shear rather than in 
tension. It appears that all of the prestressed specimens subjected to pure 
torsion and reported in Appendix B failed in tension. Humphreys tested 
specimens with the prestress varying from zero to more than 6,000 psi and 
with a concrete strength of 6,550 psi. Both Nylander and Zia used a pre-
stress of 1,200 psi or less, for con~rete strengths of 3,500 to 3,900 psi 
and 8,500 psi, respectively. Thus, there appears to be no correlation 
between the magnitude of the prestress compared to the magnitude of the 
concrete strength which would suggest whether the elastic or plastic theory 
should be used to predict the torsional shearing stresses for certain 
ratios of prestress to concrete strength. 
On the basis of the results discussed above) it appears that the 
maximum principal tensile stress criterion is not satisfactory in predicting 
the torsional strength of axially stressed members) at least not on the 
basis of the methods used to calculate the stresses for elastic and plastic 
conditions 0 
303 Specimens Reinforced in One Direction Only 
(a) Sources 
Test data for specimens with either longitudinal or transverse 
reinforcement subjected to pure torsion were reported for all the investi-
gations in Appendix B except Mbrsch [1904J J Miyamoto [1927], Cowan [1955], 
Gardner [1960J and Zia [1961J) who did not test this type of specimeno 
Prestressed specil:lens without web reinforcement are not included in this 
section since :~eJ' were discussed in Section 3020 
A tota2 c~ 51 specimens were testedo 
(b) Berra': i 0;-
:'":1f' ;;-<:': ~=-.:e of reinforcement in one directi.on only has little effect 
on the be::El.': ~ - =- ::: a spe::imen as compared to an equivalent plain specimeno 
. As in the :'!i'c:'_ _:- :: ~~:-. specimens.? a specimen reinforced- in one di.rection 
only fa:':E : .... :j:.=-~<. -.. -: :~. the development of the first 450 helical cracko As 
the ul tima~E' :. ::::-'1_( ':':= :-eached there is a certain amount of inelastic re-
distri bu:. ie:-. :J:' =- .. :-',',~:: e::: as evidenced by the torque-twist curves which bend 
over just '::.e:':::::-e : :~~ _ '..;.:-e: • Unlike the plain sections) specimens with 
longi tudinal S: f:e':' :J:--.':'y exhi bi t a small amount of ductility after the ultimate 
torque has been reached. 
Those specimens reinforced with hoops only displayed no ductility 
once the ultimate torque had been reachedo The failure was sudden and 
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destructive. As can be seen in Fig. 3.2, beam K4, the hoops caused a 
modification to the usual 450 helical cracking pattern. The cracks tended 
to develop from one hoop to the other, the slope of the cracks depending on 
the spacing of the hoops. 
It was observed in general that the presence of either longitudinal 
or hoop reinforcement only has very little effect on the strength or the 
stiffness of a specimen. The failure of two typical specimens, K3 with 
longitudinal reinforcement only and K4 with hoops only, is shown in Fig. 3,20 
(b) Strength 
In the case of specimens reinforced in one direction onlYJ the steel. 
is unable to provide a force component in a direction 450 to the axis of 
twist. When the principal tensile stress reaches the tensile capacity; of 
the concrete a crack forms and the member fails. Thus, the steel contributes 
very little to the torsional capacity of a member, but some investigators 
report an increase in strength over an equival.ent plain section of 10 to 12 
percent, (Bach and Graf [1911]) . It appears from the various test results 
that hoop reinforcement is somewhat more efficient than longitudinal rein-
forcement. It has been suggested that the steel be accounted for by 
assuming a transformed concrete section but the increase in strength appears 
to be independent of the steel areao Several test results show lower 
values of ultimate torque for reinforced sections than for equivalent plaj.n 
sections 0 Therefore, it would seem. prudent in design to ignore the con-
tribution) if any, of the reinforcement for a specimen reinforced in one 
direction only 0 
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304 Reinforced Concrete Specimens 
(a) Sources 
Most of the investigations presented in Appendix B reported tests 
on reinforced or prestressed specimens with web reinforcement or helical 
bindingo Only Nylander [1945J, Humphreys [1957J and Gardner [1960] did not 
test this type of specimen. A total of 329 specimens were tested. 
(b) Behavior 
The behavior of any type of specimen up to cracking was nearly the 
same regardless of whether it was plain, reinforced longitudinally or 
transversely) or continuously bound by a helix or hoops and longitudinal. barso 
The spec ir:lens behaved elastically up to cracki.~g and the stiffness and 
cracking torque appeared to depend almost entirely on the geometry of the 
cross se:;t:ion and the concrete strength and 'Very li.ttle on the amount or 
disposition of any reinforcement present. 
After cracking) sections which were reinforced helically or wi.th 
hoops a:.i ::'2::g:i tudinal bars continued to carry torque t:b..Tough quite large 
detrusic:-.s. I~; pilot tests made by the writers (unpubli.shed) J 6 by 6 i.no 
specime::s ~.:~ both longitudinal bars and hoops were not exhausted after 
o being t· .. ·.: s:.~·i ::--;.rough more than 180 0 After the specimens were initially 
twisted :. ~::u~h 2'J or 300 J the longitudinal steel assumed a more efficient 
helical ~o:-,.f':e;-...:.ration and with increased detrusions the 10ngi.tudinal steel 
became :n:JrE- ced :Il:Jre efficient until the remaining core was tightly bound 
by the s~ee:. The resisting torque became nearly constant at approximately 
two-thirds of the ultimate torque above a detrusion angle of 1800 ~ and t1:.e 
failure zone was propagated along the length of the specimens 0 (See Figo 302, 
beams K5, K6 and K7 for typical reinforced specimens twisted to destruction 
and to Figs. 307) 308 and 309 for the torque-twist curves for these specimenso) 
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It should be noted that it is possible for the behavior to be 
modified in the case of a specimen with a low reinforcement ratio in either 
the transverse or longitudinal directions 0 The reinforcement in such a case 
may rupture at, or shortly after, the specimen reaches its ultimate torquen 
After the cracking torque was exceeded the reinforced specimens 
continued to gain strength although loosing stiffness until the ultimate 
torque was reached. The increase in strength and detrusion was observed to 
depend primarily on the amount and position of the reinforcement, 
(c) Strength 
In order to correlate the various data on the ultimate torque of 
reinforced sections, a working hypothesis, based on observed behavior, was 
evolved which, as in the case of flexural shear, assumes that the contributions 
of the steel and concrete towards the reSisting capacity are separable, 
i. 0 e 0 J T + T = T. Furthermore, the contribution of the concrete was assumed 
c s u 
to be the resisting torque for an equivalent plain sectiono It should be 
noted that this hypothesis satisfies equilibrium conditions but not 
necessarily compatibility conditionso 
The steel was assumed to reach the yield point at the ul ti.ma.te 
torque, T. For a rectangular section with helical reinforcement, a crack 
u 
was assumed to cross the reinforcement at right angles and at an angle of h5° 
to axis of twist. The number of bars cut on a vertical face will thus be 
di/s, where d t is the depth of corea The lever arm is some constant times 
the width or depth of the core J i 0 eo J either kb Y or kd i 0 The resisting 
torque of the reinforcement is then: 
dYb i d:b i F ---- A f + F ---- A f 1 S s Y 2 S s Y 
20 
where A area of one leg of the helix 
s 
f yield stress of the helix y 
d t depth of the core 
b 1 width of core 
F, Fl , F2 constants which include ko 
For members reinforced with hoops and longitudinal bars the above 
equations were used but the component of the force in the steel at yield in 
the 450 direction was used for both the longitudinal and hoop steelo 
The above hypothesis has been applied to experimental data for 
rectangular specimens with helical or hoop and longitudinal reinforcement 0 
T - T d~bi A f 
Figure 3010 shows a graph of u T c versus ( S s Y) Fo The data show 
c 
a definite trend even though the scatter is rather largeo The general trend 
of the data indicates that increasing the amount of reinforcement increa.ses 
the torsional capacity of a specimen beyond the cracking torque 0 It appears 
that the rate of increase of torsional capacity diminishes as the amount 
of reinforcement increases until a point is reached where fUrther rein-' 
forcement causes no further gain in strength for a given specimen. 
It was determined experimentally by Bach and Graf' [1911] and 
Miyamoto [1927J that helical reinforcement is more efficient than equival.ent 
hoops and longitudinal bars. In Fig. 3011 the points for specimens with 
hoop and longitudinal reinforcement are the same as in Figo 3010 but the 
net effect of the reinforcement has been reduced by 30 percent in an attem.pt 
to account for the reduced efficiency of this type of reinforcem.ent as 
compared to helical reinforcement 0 The 30 percent reduction is arbitrary 
and probably too large so that the true result should like somewhere betWeen 
the trend shown in Figo 3010 and the trend shown in Figo 30110 With more 
selective data a reliable estimate of the relative efficiencies of the two 
types of reinforcement could be made. 
It can be seen in Figs. 3.10 and 3.11 that the regression line of 
the data if extrapolated will not pass through the origin, as it should if 
the hypothesis were correct. One possible explanation of this phenomenon is 
that the torsional resistance of the concrete shell is lost after cracking 
has occurred and thus part of the reinforcement is called upon to carry 
the resisting torque of the outer shell. In Figs. 3.10 and 3.11 the cracking 
torque, T , used in the computations was the measured torque when the first 
c 
cracks appeared. In Fig. 3012 the cracking torque used was calculated for 
the core only. The scatter of the points in Figo 3012 is too large to draw 
any definite conclusions, but the regression line appears to pass tbrough 
the origin as it should if the above explanation is correct. 
4. PRISMATIC SPECIMENS SUBJECTED ill TDRSION CO:MBINED 
WITH FLEXURE AND SHEAR 
4.1 Combined Torsion and Flexure 
(a) Sources 
Little data exists concerning the behavior of concrete subjected 
to combined bending and torsion. Nylander [1945J, Cowan [1955J and Gardner 
[1960J appear to be the only investigators to have studied this problem 
experimentally. In all, they tested 75 specimens, 44 of these having been 
tested by Nylander. 
(b) Behavior 
In Chapter 3 the behavior of plain, reinforced and prestressed 
specimens subjected to pure torsion was discussed in some detail 0 On the 
basis of this information and coupled with the fact that the behav:i.or of 
prismatic specimens subjected to pure flexure is satisfactorily understood, 
it would seem simple to predict the strength and behavior for specimens 
subjected simultaneously to both of these effects 0 Unfortunately;> the 
behavior under combined bending and torsion appears to be complicated and. 
not clearly understood. 
(c) Strength 
The available information on the strength of reinforced concrete 
beams subjected to combined bending and torsion can best be summarized by 
the use of an interaction diagram. In Fig. 401 such an interaction diagram 
is shown based on the experimental data of Cowan and Nylander for reinforced 
concrete beams. Several conclusions can be drawn from this diagram 0 For 
memoers where the applied bending moment is less than about 50 percent of 
the ultimate moment for pure bending, the presence of the bending moment 
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increases the torsional capacity of the member 0 At the lower end of the 
curve) it can be seen that torques up to approximately 50 percent of the 
ultimate torque for pure torsion tend to increa.se the flexural capacity of 
the member) though only slightlyo Thus for design purposes) if either the 
moment or torque at ultimate is less than 50 percent of the resisting capacity 
of the member" it appears reasonable and safe to design the member for tors:i.on 
and bending separately. Both Cowan and Nylander reported a slight increase 
in the torsional capacity of members when a small bending moment had been 
previously applied. Experimental data are lacking to confirm whether a 
small amount of to~que will increase the flexural capacity as indicated in 
Fig. 4.1. 
In the intermediate range the interaction curve can be closely 
approximated by the straight line: 
T M 
u u 
T 1055 - M 
uo uo 
where >~ '~: :~ate moment i.n combined bending and torsion 
~ 
>~ ' .... ~·_:...:::ate moment for pure bending 
u_ 
'_~·_:"':::ate torque in combined bending and torsion 
... 
' ... _ 0, -=:.3. te t.orque for pure torsion 
.... -
r. : ~'wan [1955J has shown a torsion - bending interaction 
diagram fo:- ;':E1_::. a:-.': ;:::-estressed concrete specimens at the formation of the 
first cra2t. r,- .. :-. ;: :a:':1 and prestressed members without web reinforcement 
fail suddenly a": t::c :'ormation of the first crack (see Chapter 3)., and thus 
the diagram represents both the cracking and ultimate conditions 0 
In neither of Cowan 1 s curves does a small amount of bending tend 
to increase the torsional resistance of a member. At low percentages of the 
torsional capacity of a member the bending resistance is not impairedo 
Cowan: s experimental points show close agreement with the princi.pal stress 
theory represented by the solid curves in Figo 4020 
For plain, reinforced and prestressed members without hoop or 
helical reinforcement failure follows the development of the first cracko 
In the case of I beams considerable apparent ductility may be observed as the 
cracks propagate from the web through the flange 0 For pure flexure the 
cracks appear on the tensile face of the specimen and develop toward the 
neutral axis of the beam in a vertical directiono Applying torque simUlt-
aneously with a bending moment to such a specimen will cause the cracking 
pattern to develop with an orientation somewhere between 450 and 90°. Any 
axial stresses caused by prestressing would further modify the cracking 
pattern and cause the slopes of the cracks to be more nearly parallel to the 
axis of twist. 
The behavior of specimens with both transverse and longitudinal or 
heli.cal reinforcement up to cracking is very similar to the behavior menti.oned 
above 0 After cracking the behavior, as judged from photographs in Cowan 7 s 
paper (Cowan [1955J), is dominated by the amount and quantity of reinforceIL.ent 
present for a given specimen and a given ratio of flexural to torsional 
couples 0 
402 Combined Bending, Shear( and Torsion 
From what is known about the effects of torsion and shear, both 
causing inclined tensile stresses, it would appear that combined torsion and 
shear is a critical problem for the safety of reinforced concrete structures J 
especially since bending moment occurs simultaneously as a result of the 
shearing force. This is a problem, neverthe~ess( that has been almost 
completely ignored by the researchers, primarily because of the many un-
knowns encountered under simpler conditions of loading. The only series of 
tests on beams subjeeted to combined bending, shear and torsion has been 
reported by Nylander [19451 . Although this is a limited series of tests , it 
merits detailed discussion because of the si.gnificant trend it indicates 
for the strength of reinforced concrete members subjected to this type of 
loading. 
The series included 10 tests on 9.5 by 20 by 180 cmo beams rein-
forced longitudinally with three lo9-cmo diameter plain bars (see Table 10d). 
The concrete strength varied from 3,600 to 3,900 psi (cube) and the yield 
stress o~ the reinforcement was 38,000 psi (guaranteed minimum) 0 The desired 
loading \.las achieved by loading at the middle of a simple span of 160 cm. 
(simple spa.:: for shear and bending) with a load that could be applied at 
varying distEL":ces away from the longi.tudinal axis of the beamo 
?::--.e~e is a dearth of information regarding the behavior of speciID.ens 
subjec:"ei -::C c0:1bined bending, shear and torsion and hence no detailed state-
ment co~ce~~~~~ :he stiffness, ductility or whether specimens behave 
elasticcL':'=:=e:~:):-e cracking occurs can be m.adeo 
F -.e:-:...::-a: shear cau.ses the principal tensile stresses to be orient,ed 
in the sa=.e :.:. :2..::1ed direction on both vertical faces of a rectangular mem.ber 
whereas -:.:-.e r::-:':1c:pal tensile stresses due to torsion follow a helical. 
pattern ~2~~~ :~e longitudinal axis. Therefore, if a specimen is subjected 
to both f.lex:l~~ a.':.d torsional shearing stresses the direction of the 
principal tens:le stresses will coincide on one of the opposite face 0 
Nylanderis tests confirm this hypothesis. Photographs show different cracking 
patterns on opposite vertical faces of the various specimens indicating 
different magnitudes of principal tensile stresses on these faces. 
Figure 4. 3 compares the resul.ts of the tests on the three pairs of 
beams loaded under varying combinations of bending moment, shear and. torsion 
wi th the ultimate shears and torques expressed as a ratio of the shear and 
torque corresponding to loading with no torsion and pure torsion, respectivelyo 
Unlike the interaction between flexure and torsion for reinforced 
concrete members where no reducing effect of one on the other was di.scerned 
until both types of loading exceeded about 50 percent of the pertinent 
ultimate) there appears to be an interaction between shear and torsion no 
matter how small the shear and torsiono Furthermore, i.t is seen that for 
this series of beams with no web reinforcement 
where V ultimate shear 
V ultimate shear u 
T ultimate torque 














shear and torsion 
shear and torsion 
would represent a safe lower bound 0 It would not be unreasonable to ap];:ly 
this expression generally wi.th V based on 2 (.j1 and T based on 4 {'f"'S 
u r.J ~c U r--J-c 
both nom.inal stresses being for a norm.al weight concreteo 
In the preceeding discussion, the effect of bending moment was 
ignored. Ideally, the interaction diagram should be a surface plotted t..o 
the axes of shear, torsion and bending moment. On the basi.s of the avai.lable 
data.~ however, this may be an unwarranted complication 0 Furthermore~ it is 
quite likely that bending moment did not playa decisive role in the results 
plotted in Figo 4.3 The estimated flexural capacity of the beams corresponds 
to a shear of 10 kips (based on a guaranteed minimum yield stress for the 
reinforcement). The shearing force corresponding to the interior points 
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of Figo 4.3 are less than 40 percent of the flexural strength of the beams 0 
According to the torsion-bending interaction diagram shown in Figo 401 bending 
moment less thml 50 percent of the flexural capacity of a specimen will have 
negligible effect on its torsional capacity. 
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5. SUMMARY 
5.1 Object and Scope 
The object of this report was to compile and evaluate the available 
data concerning plain, reinforced and prestressed concrete subjected to 
torsion. In the body of the report the available evidence is re-evaluated 
in terms of our current knowledge of the strength and behavior of concrete. 
In Appendix A the classical theories on torsion have been set out to serve 
as a basis for re-evaluating this evidence, while in Appendix B a compendium 
of all the available research data together wi.th a brief commentary on the 
object, scope and results of each of the investigations has been prepared. 
5.2 Pure Torsion 
The use of the plastic theory to predict the strength of plain 
prismatic specimens yielded a safe and satisfactory correlation with the 
experimental evidence, regardless of the concrete strengtho 
For the prestressed specimens without web reinforcement the maximum 
principal stress criterion failed to show a satisfactory correlation with the 
measured data. The principal stresses were computed by using the measured 
axial stresses together with torsional shearing stresses computed by both 
the elastic and plastic theories. It appears that either the criterion 
of failure or the ffiethod of computing the torsional shearing stresses by 
assuming a completely elastic or completely plastic material is unsuitable 
to predict the torsional strength of prestressed members. 
The behavior of both plain specimens and prestressed specimens 
without web reinforcement was shown by a number of investigators to be 
elastic until the specimens had nearly reached the ultimate torque, when a 
certain amount of inelastic strain was observed just prior to failure 0 The 
specimens failed suddently with the development of the first cracko 
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The reinforced concrete members were found to have increased 
strength and much greater ductility compared to equivalent plain specimens 0 
Test results indicated that helical reinforcement was more efficient than 
hoops and longitudinal bars and that for specimens with hoops and longitudinal 
bars the best arrangement was to have equal ratios of hoops and barso Specimens 
with reinforcement in one direction only showed little increase in strength 
or ductility over equivalent plain specimens. 
The strength of the specimens was assessed on the basis that the 
contributions of the concrete and steel to the total resisting torque were 
separable, i.e., T + T = T. This hypothesis was confirmed, in part, by 
c s u 
the correlation of the data and the observed behavior of the specimens, which 
is mentioned below. 
The behavior of the reinforced specimens was observed to depend., 
to a large extent, upon the characteristics of the concrete up to the 
cracking torque and then almost entirely upon the amount and disposition of 
the reinforcement after cracking 0 
5.3 Torsion in Combination with Shear and Bending 
From the comparatively scanty amount of data available there appears 
to be little interaction between bending moment and torsion for reinforced 
concrete specimens until either or both the bending moment and torque exceed 
50 percent of the strength of the specimen in pure bending and pure torsion 
respectivelyo On the other handy there was a significant interaction between 
torsion and shear with its associated bending moment (Figo 4.3)0 
Little has been published concerning the behavior of specimens sub-
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TABIJ~ 2.1 SUMMARY OF EXPF:RIMEm!AL RESEARCH 
Type of Specimen and Test 
Plain Concrete Subjected 
to Pure Torsion 
Concrete Reinforced in One 
Direction Only Subjected to 
Pure Torsion 
Reinforced Concrete Subject-
ad to P\.u"e Torsion 
Prestressed Concrete Sub-
jected to P\.u"e Torsion** 
Plain, Reinforced and Pre-




















Type of Cross Section 
Circular (Solid or hollow) 
Square or Rectangular 
T or L Shaped 
I Shaped 
Circular (Solid or hollow) 
Square or Rectangular 
Circular (Solid or hollOW) 
Square or Rectangular 
Square or Rectangular 
T or L Shaped 
I Shaped 
Square or Rectangular 
to Combined Torsion and Bend- 16 T or L Shaped. 
ing or Torsion, Bending and 16 I Shaped 
Shear E 75 
ALL SPEx::IMENS 568 Total 
Variation of CroBs 
Sectional Dimensions 
in. 
8 to 15.75 
2 to 16.52 
6 to 10.50 
8 by 12 only 
15.75 only 
4 to 16.52 
10.24 to 15.75 
4 to 16.52 
4 to 12 
8 by 10.5 only 
8 by 12 only 
3.54 to 9 
* All results were converted to cylinder strength assuming that f~ := 0.75 cu' 
** All specimens were without web reinforcement. 





1780 to 5200 
1700 to 6950 
1780 to 6880 
5270 to 6210 
1700 to 7000 
1780 and 1821 
1851 to 6800 
2550 to 7500 




o to 4.06 
o to 0.716 
0.39 to 2.98 




o to 1.96 
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APPENDIX A 
THEORETICAL ANALYSES OF THE EFFECTS OF TORSION ON PRISMS 
A.l Analysis Based on the Theory of Elasticity 
Towards the end of the 18th· century Coulomb presented the first 
theory of torsion in a paper published in the ~Historie de IVAcad~iei 
(Coulomb [1787J) 0 In this paper Coulomb correctly solved the problem of 
torsion in a circular cylindrical member. Somewhat later Navier, Poisson 
and Cauchy investigated the problem of torsion in homogeneous prisms 0 
Cauchy published a theory of torsion for rectangular sections in 1828 
(Cauchy [1828J). His theory was incorrect since he failed to take account 
of longitudinal warping. 
Saint-Venant, in a notable paper to the French Academy of Science 
in 1853, presented the correct solution for torsional. stresses in a prism. 
having a convex'cross section (Saint-Venant [1853J)0 A convex cross 
section is one that has no re-entrant angles as in a T or L shaped sectionu 
The classical solution for an elastic homogeneous prism subjected. 
to torsion can be easily derived for a circular sec.tion.~ since there i.s no 
longitudinal warping. The strain, and hence the stress by Hooke:s Lawy is 
directly proportional to the distance from the center of the cross section.9 
being zero at the center and a maximum at the edge 0 The relationship between 
the applied torque and the internal sheari.ng stresses can be o'btained as 
follows~ (F'igure A.l) 
R R 
~I I 'T 2 T T r-r da r r da; but r r r r a constant 
0 0 
R 1 ;r I 2 T T 'T J max 0 J r da. = R r 
0 
A.2 
where T = TR < elastic limit 
max. 
Saint-Venant's semi-inverse solution of the torsion problem 
considers a prismatic section, as shown in Fig. A.2, twisted through an 
angle / and fixed at one end. If the angle / is small the variation of the 
angle form zero at the fixed end to / at the free end can be assumed to be 
linear) henc e , 
/ = e z 2 
where e is the angle per unit length of the member. 
If a section at any point z along the axis is considered, 8.tl.d ! is 
assumed to be small) the change in position of any point p to point pI 
(Fig. A.2) due to twisting can be approximated as: 
u = -ezy v = ezy 3 
The se~~ion also warps longitudinally and thus point p moves in the 
z direction. Sa:~~-Venant assumed that this movement could be described as 
a functio:: c!' x,:: ar.:i the angle of twist e, thus: 
w = ecp 4 
where ~ x,:: ~.j is called the warping function. 
::-.e E·_:-;:'~=-.: ~a:-. be computed from the u,v, and w displacements by 
the folloW'in£: e~~~a:io~~ , assuming the strains to be small: 
0-1.1 0) 5v A., 5w 0 t.. E 5y E 5z >: c): y z 
~ .. s::: __ ou 5w e(~ uu uv a., vI 5 -y by +- 'Y 5z + ---'xy ox 'xz ox 'ox oJ I 
5v 5w e( &:p x) /yz 5z +- = + 5y 5y 
These strains in turn yield the following stresses by considering 
the generalized form of Hooke's Law, thus: 
0' 0' 0' T 0 
X Y z xy 
1" GB (~ - y) 
xz ' ox 
6 
1" GB (~+ x) yz 
The general equations of equilibrium for a body without body 
forces can be expressed as: 
00' 01" 01" 
X +~ +~= 0 Ox oy oz 
00' 01" 01" 
--...Jl.. + ~ -E. 0 
oy Ox + oz 7 
00' 01" 01' 
Z XZ -E 0 6Z +~+ oy 
which reduce to the following equation in the case under consideration~ 
8 
This is the general torsion equation which must be satisfiedo 
By substituting the stresses of equations 6 into the boundary 
condition equations it can be shown that the first two equations for the 
lateral surface are satisfied identically and the third equation yields~ 
x 0' 1 + T m+ 1" 0 
X xy xz 
y = 0' + T n + T 1 0 
Y yz xy 9 
Z = 0' n + 'T 1 + T m 0 1" 1 + T m 
z xz yz xz yz 











Thus, it can be shown that the resultant shearing stress is tangent to the 
boundary and since there are no other stresses the lateral surface is stress 
free. This satisfies the stipulated boundary conditions for the lateral 
surface o~ the prism under consideration. The boundary conditions imposed 
upon the end surfaces are such that there should be no normal force present 
and that the resultant of the surface stresses must be a torsional couple 
about the longitudinal axis. By substitution into the general boundary 
conditio~ e~uations 9 it follows that: 
x + T 
XZ 
y + T yz 
Z 0 
where 1, ~ a~~ ~ are the direction cosines for the ends of the prism and it 
can be seen i~ Fig. A.2 that 
1 m o 
n 1 
By integrating equations 10 over the end surfaces, i.e., 
10 
J{x dxdy = Ge JJ (~ -y) dxdy 
R R 
11 
ffY dxdy Ge ff (~+ x) dxdy 
R R 
one can obtain the resultant force in the x and y directions respectively. 
It can. be shown by complicated manipulation that both of the equations 11 
are equal to zero and that the resultant of the shearing stresses is a torque 
* on the ends of the prismo 




Since the displacements were assumed in setting up the torsion 
problem the compatibility conditions are satisfied automatically 0 Equation 8 
insures that the equilibrium conditions are satisfiedo 
Instead of using the warping function, ~, many elasticians prefer 
to express the governing equations of the torsion problem in terms of 
Airyts stress function, *. The warping function, and the stress function 
are related by the following equations ~ 
~ = GB (oW _ y), 
oy ox ~ = Ge (~; + x) 
Equation 8, in terms of the stress function, becomes: 
and the boundary equations become: 
ifw = - 2Je 
dW = 0 
ds 
* For a thorough proof that the shearing stresses on the prism yield only 





Saint-Venantfs exact solution for a rectangular cross section 
subjected to pure torsion is of the following form: 
~ O.21008~ + O.209l37~ (l-t~ : + l-;~ 3: + 
1 _ 0.810568 (1 nh 1 3nh 
cosh 2b + 32 h 2b + 
cos 
It can readily be seen that this solution f9r a simple rectangle 
is quite cumbersome to use. Several authors including Seely [1952J) 
Timoshenko [1930J) and Saint-Venant [1853J published simplified formulae 
for computing the torque and angle of twist. TimoshenJKofs equations appear 
to have the least error over the greatest range of bid. His equations are 
as follows: 
T 1" (abc) 
max. 
e T 
where b the longer side 
c the shorter side 
G = shearing modulus of elasticity 
b/c 1.00 1·50 1.75 2.0 2·5 3 4 6 8 10 
a 0.208 0.231 0.239 0.246 00258 0.267 0.282 0.299 0.307 0.313 




1" bc (3 + 1.8 G/b) max. 
17 
18 
A.2 The Membrane Analogy 
In 1903 L. Prandtl pointed out the similarity between the 
differential equation for the stress function of a bar subjected to torsion 
and the differential equation for the equilibrium of a thin membraneo 
Let a thin elastic membrane be securely fixed around the edge of 
any singly connected opening and let a pressure p act on one side of the 
membrane. The equation of equilibrium in the x direction can be found by 
summing the forces in the x direction. All flexural stresses are ignored in 
the development of the following equations as the membrane is assumed to have 
no flexural stiffness. 
In Fig. Ao3 is shown a crOBS section and plan of a membrane in its 
distended position. A small element dy by dz is shown in plano The sum of 
the vertical forces in the x-z plane yields the following equations: 
Tdy (si~) - Tdy (sin a + I
Z
) Tdya - Tdy (a + / ) 
z 
where T is the tension in the membrane. If a is assumed to be small 




= T 2 dzdy 
5z 
Considering the summation of forces in the vertical direction in 
the x-y plane (Fig. A.3) one finds the following equation: 
Tdz sin~ - Tdz sin (~ + I ) = Tdz~ - Tdz (~ + / ) y y 
If ~ is assumed to be small) then this equation reduces to: 
52x 






Whence the sum of the forces in the x direction become: 
-p dydz 
23 
The similarity between this last equation and Saint-VenantVs 
differential equation for pure torsion is apparent. 
Thus, if at any cross section of the bar the Airy stress function 
is plotted perpendicular to the cross section, the surface formed can be 
compared to the surface of the distended membrane. If the pressure on the 
membrane is adjusted so that the function piT is numerically equal to 2GB, 
then the height of the membrane at any point, measured vertically from the 
plane of the section, gives the value of the stress function at that pointo 
The volume under the membrane is equal to one-half of the torque applied to 
the bar 0 
Quantitative: results can be obtained by making direct measurements 
of the geometry of the membraneo Several techniques have been developed to 
do this but the measurements must be made with great care if the results are 
to be of use. Since the exact solution is known for circular cross sections} 
usefUl results may be gleaned by comparing the distended membrane over a 
non-circular opening with one over a circular opening. If both membranes 
are exposed to the same pressure then the total twisting moment can be 
compared directly. Also, the values of stress function between the circular 
and non~circular cross sections may be compared. 
Perhaps the most important use of the soap-film analogy is for 
obtaining qualitative results. The general pattern of behavior for any 
non-circular cross section can be ascertained quickly by using a membrane 
stretched across an opening of the shape desired, and subject the membrane 
to a differential pressureo 
Several general conclusions about torsional stiffness of a prismatic 
member can be drawn using the membrane analogy~ 
(1) A bar which is long and narrow in cross section will be less 
stiff than a square bar of the same cross sectional area. 
(2) Any long narrow section of VUf, iL' or ~C' shape has approxi-
mately the same torsional stiffness as a rectangular bar of 
the same thickness and total length of sectiono This is 
kno~~ as Bach'S approximation 0 
The ~ax~um shearing stresses will occur where the largest 
insc~ibed circle touches the edge of the section in question 0 
T:-~s is the middle of the longest side fora rectangular 
sec~ion. 
Ao 3 Flas:'::' C' ::-;"'::- :-': a:ld. the Sand-Heap Analogy 
• £:k:'::: ,..:::.._ :~:; a:l elasto-plastic stress-strain curve the theory of 
plastic: t:: ca:: ::.' ...;.:::e: :'0 compute the stresses in those areas of the cross 
t " , ." sec lon ~'~e:-c :. _ ,.:. _.::.:;::; ias occurredo If for pure torsion on a prismatic 
member the s:-;-:'a:- ~ ~.;- ? ::-ess reaches the yield point then the shearing stress 
components T ~.: ~ 
x: 




where 'T = shearing yield stresso 
2 
T yz constant 
2 
T 24 
These components must also satisfy the equilibrium equations 7 which reduce to~ 
01" O'T 
XZ +-E 
--g;z- oy o 2.5 
If one lets F(x,y) be the plastic stress function then.9 






Equation 27 can be rewritten in vector notation) 
of 
ox 
Igrad Fj = 'T = constant 
AolO 
from which it can be concluded that the maximum slope of the surface F is 
a constant 0 Since there can be no stress components perpendicular to the 
boundary it follows that: 
and from equations 26 one arrives at thE: following equation~ 
of of 
-T dx + 'T: dy = -dx + -dy yz xz ax oy o 
Thus, the plastic stress function is a constant along the boundary 0 Thi.s 
constant is usually set equal. to zero since i.ts value does not affect the 
value of the st~esseso Since the slope of the stress function is constant 
the volume enclosed by IF i can be likened to the shape of the sand heap 
27 
29 
obtained if sand is piled on a flat horizontal plate of the same shape as the 
cross section of the prism subjected to torsion; hence the sand-heap analogyc 
For a fully-plastic condition across the section several general conclusions 
about the torsional stiffness of a prismatic member can be made using the 
sand-heap analogy~ 
(1) The shearing stress across the section is constanta 
(2) The total twisting moment applied to the bar is directly 
proportional to the volume of the sand heapo 
(3) The value of the stress function is independent of .the angle 
of twisto 
(4) A bar which is long and narrow in cross section will. not be as 
strong as a square bar of the same cross sectional areao 
Any long narrow section of ~ U j., 1 T:., 1 L rr or lei shape has 
approximately the same plastic resistance torque as a 
rectangular bar of the thickness and total length 0 
From the sand-heap analogy, the surfa.ce of stress function;! F,:> for 
a recta~gular section is: 










raaximum shearing stress for 
depth of the cross section 




-. 8. se~:ion is only partially plastic, the value of the stress 
function a.:-.d he::~e the value of the torque can be obtained by first con-
structi::E ::-.e :: ?:..d-heap surface then distending the elastic mem.brane inside 
the sa~Q-~ea; s~~faceo The slope of the sand heap and the pressure behind 
the memb~~~e wi~: have to be adjusted to be c amp at able 0 Thenjwherever the 
membrane tou:hes :he sand-heap surface a boundary is formed between the 
elastic and plastic regions 0 The problem of determini.ng the reSisting 
torque for an elasto-plastic section is quite complicated even for the 
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The earlier experimental investigations in torsion sought to 
confirm the elastic theory of torsiono Coulomb experim.ented with a torsional 
pendulum and proved that in the elasti.c range the torque is directly pro-
portional to the angle of twist (Coulomb [1829]) 0 Duri.ng the nineteenth 
century, various materials - cast iron, wrought iron.9 timber and steel - were 
tested in torsion and their behavior checked against the elastic theoryo 
The first experimental work using concrete specimens in pure 
torsion was performed at Stuttgart) Germ.any 'before the First World War 0 
" Morsch, Bach and Graf tested both plai.n and reinforced specimens 0 These 
investigators, and several, others following in their footsteps, interpreted 
their experimental results in terms of Sto VenantZs theory, even though the 
reinforced concrete specimens did not satisfy the requisite material pro-
perties 0 In general, the early investigators were interested in the ela.sti,c 
range only and cared little for the behavior beyond this range~ except for 
the value of the ultimate torque. 
Even the more recent investigators seeIll to have been reluctant to 
continue testing once the shell of concrete covering the reinforcement spalls 
off or is severely crackedo Thus} few of the tests reported yielding of 
ei ther the lateral or longi.tudinal reinforcement 0 The disintegration of the 
outer concrete shell causes the specimen to become much less stiff and this 
is reflected by a flattening out of the torque-tWist curve 0 The loss of 
the outer cover may be at the point of ultimate torque but this is not 
necessarily true for every specimen.? and it depends upon the amount and posi,tion 
of the reinforcement., for a given type of cross sectiono 
B.2 
Following the work at Stuttgart) Young) Sagar and Hughes at 
Toronto and Miyamoto at Tokyo tested a number of reinforced concrete specimens 
to determine the role played by the reinforcement in the behavior of the 
specimens. Several different reinforcement configurations were used and the 
test results indicated that the 450 helix was the m.ost efficient type of 
reinforcement for specimens subjected to pure torsion in one direction only. 
More recently a number of investigators (Turner and Davies [1934], 
Andersen [1935J and [1937J) and Marshall and Tembe [19411) have proposed 
formulae based on experimental data or simplified theories with experimentally 
determined coefficients. Both Cowan [150) '51) 153a., i53b, '54 and 156] and 
Ernst [1957] have proposed more rational methods for predicting the strength 
of reinforced concrete specimens wi.th both transverse and longitudinal rei.n-
forcement. Nylander [1945] and Gardner [1960] have found the plastic theory 
satisfactory to predict the strength of plain, reinforced and prestressed 
beams without web reinforcement 0 Both Gowan (1951, 1955] and Zia [1961] 
prefer to use the elastic theory for such caseso 
Only Cowan., Nylander and Gardner have tested specimens subjected to 
combined stresseso The results are not conclusive and no entirely sa.tis-
factory explanation of the behavior of specimens subjected to combined 
stresses has been developed. 
Besides considering the strength of prismatic specimens, several 
investigators have also been interested in the modulus of elasticity of 
concrete in shear and the torsional rigidity of the specimens 0 
In the following sections a brief ~ummary of each of the experi-
mental investigatiGns of the strength and behavior of prismatic concrete 
specimens) plain) reinforced and prestressed, is presentedo Each summary 
sets out the object and scope of the investigation) a description of the 
specimens tested, the results of experiments and the conclusions which the 
writer believes can be drawn from the investigationo 
Following the summaries, the experimental data is set out in 
tabular form. For each investigation the number of specimens, designation, 
geometry of cross section, description of the reinforcement, and the measured 
cracking and ultimate torque are recorded for all specimens tested in pure 
torsiono For the small number of specimens tested in combi.ned torsion.' 
bending andlor shear the add:i.tional data on bending moments and. shearing forces 
are recordedo For convenience the summaries and the corresponding tables 
carry the same reference designation 0 
!! 
Bol Morsch - 190-
(a) Object ~~~ S~8~e 
n 
T~~E: s-:::-::"e:::: of tests performed. by Morsch on sol.id and hollow circu.lar 
cylindric5.l s:::e2~-:::1S at the Royal. Technical Hochschule in Stuttgart in 
1903-4 ","e:;-::- ::-.'C' :~::':-st significant experiments ~ concrete subjected to torsiono 
The ea~l~: '::". '_ C:--.~" _.' a :1UIIi.ber of German engineers in torsion in concrete 
~~ ~:: .' ::- .• ~:L ed the behavior of plain concrete to see if it con-
formed t:; : ;i'. .' 4 '.:'. _ .;. .::-:.:.._ :heory of elasticity" Specimens 'With circular cross 
sections .';~ :-....:::: ei ;:~obably to avoid thE complication of longitudinal 
warping. 
-' " ::::- ;':.":- ::.., s:' udy the effect of steel reinforcement on the behavior 
of concrete; fGu::- .:-.:.:: :.:n .. cyl.i.nders of the same dimensions as the plai.n 
specimens were reinforced wj,th 450 helical steelo The first two ha.d five 
helices of 00 276-inv in diameter wj,th an. effective length of 1 .. )0:J3 inches 0 
The hollow cylinders had inside diameters of 509 i.n 0 The concrete was a 1 ~ h 
B.4 
mixture but the strength of control cylinders or cubes was not reported. 
The tensile strength of the concrete was stated to be approximately 114 psi. 
(b) Test Results and Conclusions 
Fracture of the plain concrete members occurred with the development 
of the first cracks, which formed at roughly 450 angles. The average computed 
torsional shearing stress at the extreme fiber was 243 psi. 
The hollow cylinders gave an average computed ultimate torsional 
shearing stress of 247 psi .. 
The addition of reinforcement to the hollow specimen increased the 
computed extreme fiber stress to 513 psi for the light reinforcement and 
736 psi for the heavy reinforcemento 
The increase in torque up to cracking was 31% and 124% for the 
light and heavy reinforcement respectively. Marsch concluded from this that 
the additional strength due to the reinforcement was directly proportional 
to the amount of reinforcement. It is difficult to know exactly what 
Morsch's criterion for cracking load was. 
MOrsch did not present any torque-twist curves) nor did he indicate 
whether the helical reinforcement yielded when the ultimate torque was 
reached in the reinforced specimens. There is a strong possibility that 
the ultimate torque values reported for the helically reinforced specimens 
are in fact the torques measured when the outer shell of concrete covering 
the reinforcement started to disintegrate. If this is the case the ultimate 
torque values published by Marsch mayor may not be the true values 0 
B.2 Bach and Graf - 1911 
(a) Object and Scope 
These investigators extended the work of Marsch (see B.l). Bach 
and Graf tested four basic types of plain sections; each with an effective 
length of 45.25 ino: 
(a) Solid cylinder, 15075-ino diameter 
(b) Hollow cylinder, 15075-ino diameter with 90851! internal diao 
(c) Square prism, 11.81 by 11.81-ino 
(d) Rectangular prism, 8026 by 16.52-in. 
In addition, they cast square prisms of Type (c) above with four 
different reinforCing cages and rectangular prisms of Type (d) with four 
different reinforcing cages. The concrete used was a standard 1:2~3 mixture 
which yielded an average compressive strength of 3530 psi on 11.8l-ina cubes. 
The average tensile strength was reported a.s 264 psi. 
(b) Test Results and Conclusions 
The plain specimens failed suddenly when 450 cracks developed. The 
general be::avio:- was the same as observed by Morsch, but Bach and Graf 
obtained ~ig~er strengths) probably due to improved cement. 
~:-.e i::.vestigators state that the addition of 'longitudinal steel 
only is 0:' :i :.::e ·,;alue. Such reinforcement increased the ultimate capacity 
by 12 pe~ ::e:,.: :::- ::'ess even when the longi tudi.nal bars were placed at the 
midclle 0:' ::-.e s i jes 8..'1d in the corners 0 Sloping the longitudinal bars pro-
vided a 2- ;c~2e~: increase in the maximum torque. 
T~e ~jii:ion of 0.5 percent helical reinforcement to the longitudinal 
reinforce::::J.e::~ i:-,.~:-eased the ultimate torque to 1.3 to 105 times that obtained 
without he'::'cfL. ~einforcement. 
The a~parent torsional [she~ingJ modulus of elasticity was re-
ported as ranging from 1.8 to 200 x 106 psi. 
B.3/ Graf and M8rsch - 1922 
(a) Object and Scope 
B.6 
A third series of tests an torsion was performed at Stuttgart 
after World War I. The object of this series appears to be identical with 
that of Mersch's original tests in 1904. In this series Graf and Morsch 
tested 18 specimens with circular sections, 15.75-in. diameter and 5.91-ft 
long. Six specimens were cast without any reinforcement, three with longi-
tudinal reinforcement only, three with closed ties only, three with both 
rings and longitudinal bars) and three contained helical reinforcement only. 
This series of tests completed the important series of studies on 
torsion at Stuttgart, begun in 1904 and interrupted by the First World War. 
(b) Test Results and Conclusions 
As in the two previous series of tests, the plain specimens failed 
abruptly when the first cracks developed. There was little ductility 
exhibited by the specimens. The addition of either longitudinal or transverse 
reinforcement only, caused little increase in the torsional strength. This 
confirmed Bach and Grafss earlier observations. 
The specimens reinforced with transverse and longitudinal steel 
or helical steel showed a marked increased in strength, the strength of the 
former being lc5 times and the latter 2.7 times as large as that of the 
comparable plain specimens. 
The cracking torques for all of the specimens were nearly the same, 
being approximately 216,000 lb-in. for the 13.4-in. solid specimens. 
The authors did not report whether the reinforcement yielded when 
the specimen reached its ultimate torque. Little mention was made of the 
behavior of the specimens subjected to torsion and no torque-twist curves 
were given. 
B.4 Young, Sagar and Hughes - 1922 
(a) Object and Scope 
The object of this early investigation of rectangular prisms 
subjected to pure torsion was to determine: 
1. The effect of varying the ratio of the long and short sides 
of the cross section. 
2. The effect of adding longitudinal steel only. 
3. The effect of adding longitudinal steel and light spirals 
(helical reinforcement). 
40 The effect of adding longitudinal steel and heavy spirals 
(helical reinforcement). 
5. The torsional modulus of elasticity for plain concrete. 
The specimens comprised 12 rectan.gular beams of 5 by 5, 5 by 70 5, 
and 5 by 10-in. cross section, all being 5 ft long. For each size, four 
beams were cast: one unreinforced, one with light longitudinal reinforcement, 
one with medium longitudinal reinforcement plus a light helix, and the 
fourth with heavy longitudinal and he1ical reinforcement 0 The average 
concrete strength for all beams was 1., 700 psi 0 
(b) Test Results and Conclusions 
authors: 
From the test results, the following conclusions were drawn by the 
1. The initial torsional rigidity of each of the three sizes 
seems to be unaffected by the addition of either longitudinal 
or transverse reinforcement or both. 
2. All of the plain specimens developed substantially the same 
maximum shearing stress J as computed by Timoshenko IS 
B.8 
approximate formula, the maximum stress occurring at the mid-
point of the longest side. 
3. As in the earlier German tests, the Canadian tests indicates 
that the addition of longitudinal steel only has little effect 
on the torsional strength of a specimen. 
4. Helical reinforcement increased the strength of the beams 
approximately in proportion to the amount of such reinforcement 
added. If the percentage of helical reinforcement varies 
between 0.4 to 1.0 then the increase of torsional strength of 
the beams increased from 20 to 50 percent regardless of whether 
longitudinal bars are added or not. 
50 The investigators found the average torsional modulus of 
elasticity of plain concrete to be approximately lo5XI06 psio 
6. The torque vs. twist curves indicate that increasing the 
amount of steel, especially helical reinforcement, noticeably 
increases the ductility of the beamso 
70 The authors base their interpretation of the data in light of 
the existing elastic theory of torsion and do not develop any 
new formulae for computing either the strength or twist of 
rectangular members subjected to pure torsion. 
8. Steel strains were not measured and hence it was not known 
whether the reinforcement yielded. 
B.5 Miyamoto - 1927 
(a) Object and Scope 
Miyomoto, Civil Engineer in the Bureau of Public Works, Japan, con-
ducted an extensive series of torsion tests to study: 
( a) The torsional strength of plain concrete. 
(b) The distribution of shearing stress over a cross section. 
(c) The Modulus of Elasticity of concrete in shear. 
( d) The effectiveness of reinforcements placed at different 
'angles with the axis of twist. 
The test specimens consisted of 16 plain concrete and 78 reinforced 
concrete cylinders 11.81 in. in diameter and 59 ino long. 
The reinforcement comprised various combinations of spirals, rings 
and longitudinal bars. The spirals made angles of 30, 45, and 60 degrees 
with the longitudinal axis. All reinforcement was mild steel [sic] of an 
average diameter of 6042 mm (1/4 j_n.) with a tensile strength of 3,900 kg/cm2 
or 55,500 psi. The concrete compressive strength varied between 119 apd 
136 kg/cm2 for all specimens with an average of 128 kg/cm2 or 1820 psi. 
(b) Test Results and Conclusions 
1. Plain Concrete 
From the tests on 16 plain concrete cylinders it was observed 
that failure occurred suddenly when a 450 helical crack developed. 
2. Reinforced Concrete 
(a) The torque at first crack was greater than in the case of 
plain concrete. 
(b) The maximum torque was considerably greater than that 
at cracking 0 
(c) The cracks ~evelpped in a 450 helical pattern similar 
to the pattern for plain concrete memberso 
(d) The first cracks were very fine but careful examination 
showed that they often extended comp~etely around the 
circumference of the cylinder. 
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(e) When the maximum torque was reached the cracks in the 
failure zone opened to 3 mm or more 
(f) When the maximum torque was reached the strength [ductility: 
of the specimen was not exhausted. 
(g) The stress in the reinforcement in all of the specimens 
remained below the rupture stress [Miyamoto does not 
report which, if any, of the bars yielded1~ 
3. Shearing Stress Distribution 
The author concludes that the shearing stress distribution 
should be approximately midway between the completely elastic 
and plastic states. Thus~ 
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for the elastic state 
for the elasto-plastic state 
for the plastic state 
1... s:-.~ El.:-:::g Modulus of Elasticity 
"~~~-:-4~~:-a::: ... ::0 differen~e .. of stiffness, as measured by the 
S~:;0 ~~ tie t vs ~ curve, was observed for the various 
:-"_:--.~::-:e:!:e:1t patterns in the elastic region. The shearing 
=:::;:!'..l:"'..l~. ::;, was found to vary inversely as the stress. This 
c::.::-~~· ~:""::::: :ie earlier Stuttgart tests. The modulus was com-
r'..l:ei ~~~ the following formula: 
B.6 Turner and Davies - 1934 





This was the first major investigation in Great Britain of the 
behavior of reinforced concrete in torsion. The experimental work was 
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performed at the Battersea Polytechnic Institute and the results later 
published by the Institution of Civil Engineers. The authors wished to con-
firm earlier experimental studies and develop a design procedure for rein-
forced concrete beams subjected to torsion. 
The test specimens consisted of eight 5 by 5 by 48-in. beams (two 
of plain concrete, two with longitudinal steel only, two with spirals and 
longitudinal steel and two with closed ties and longitudinal steel), two 
rectangular beams (8 by 4 by 43-ino) and two' .'_T I beams (8 by 4-in. over-all) 
of plain concrete 0 The concrete was a standard 1:2:4 mixture, giving a 
nominal 3,000 psi cube strength, and the steel had a yield point of 4005 ksi. 
(b) Test Results and Conclusions 
Turner and Davies conclude that the behavior of a~l the sections 
is plastiC to some extent and that the distribution of shearing stresses 
across the cross section is nearly uniform. This was especially true of 
the T-beams. All of the plain concrete sections broke abruptly. The beams 
with only longitudinal reinforcement failed abruptly with little increase in 
torsional capacity over the corresponding plain sections. The general shape 
of torque-twist cu~ves appears quite consistent with a reasonably straight 
portion in the elastic range. All of the beams of a given type appear to 
have approximately the same stiffness in the elastic range regardless of the 
reinforcement. 
In the a~alysis of the results, the authors compared both the 
plastic and elastic solutions for a circular prism. The ratio of elastic to 
plastic shearing stresses was found to be 1.17~1 and therefore the authors 
recommend that the maximum shearing stresses computed by the elastic theory 
be reduced by 1/1.2 to provide more realistic values. In the case of the 
square and rectangular sections the reduction factor would probably be 
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slightly more, since in the plastic range the material in the corners plays 
an increasing roleo Using the above factors and the soap film analogy a 
table of approximate torque values is presented for various 1Tv, 1Li and 
rectangular sections using the torsional formula for a circular section as 
the basis. 
For reinforced sections, the authors developed the following formula 
for computing the ultimate torque: 
where T 
c 
ultimate capacity of ~he plain section (not defined explicitly 
by the authors) 
p ratio of reinforcement (equal amounts in both directions) 
The values of T predicted by this expression are compared with the 
u 
test results of Miyamoto [1927J, Cowan [1951], and Marshall [1941] in Figo Bl. 
In making tiis comparison, T was taken as the measured capacity of the 
c 
companion s::e::: ber'l5 which did not have any reinforcement. 
(a) Obje:: ~~ S:~:;e 
T=:: s i::-:estigation had as i ts objective the analytical and 
experime~ta: study of the general behavior, strength and effect of rein-
forcement 0:: ci~:u2ar and square concrete beams subjected to pure torsion. 
Tie ~ape~ reports tests on 48 specimens; 6 circular ones and 
42 square ones. The circular specimens were plain while the square specimens 
had varying amounts of longitudinal and helical reinforcement. The 
longitudinal reinforcement ratio was one percent for all specimens. The 
helical reinforcement varied from none to 5/32-in. round bars at 2-ino centerso 
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Eighteen of the square specimens had rectangular ties instead of helical 
steelo The hoop reinforcement ratio varied from 0010 to 0.20 percent. The 
concrete strength varied from 1950 to 5535 psio The longitudinal steel had a 
yield stress of 78.8 ksi and the transverse steel a yield stress of 43.3 ksi. 
(b) Test Results and Conclusions 
The 450 helical cracking pattern for both the plain and reinforced 
specimens confirmed results of earlier tests. Again as in earlier tests) the 
specimens without transverse reinforcement failed suddenly at the development 
of the first crack. Both the tied and helically reinforced specimens showed 
considerable ductility after cracking. 
The test data indicate that the helical reinforcement was more 
efficient than the closed ties. The addition of longitudinal steel caused 
only a slight increase in the ultimate torque of a given specimen. On the 
basis of the observed behavior) Andersen concluded that the reinforcement 
resists practically all of the torque beyond the cracking torque. 
Andersen developed a design method for predicting the amount of torque 
a circular or square beam can resist for a given concrete strength. For 
circular members the torque and stresses are evaluated by using the well 
known mechanics of materials solution. Since the specimen fails in tension) 
the maximum allowable tensile stress for concrete should be used for design 
purposes 0 Andersen extended the formulae for circular sections to square 
sections) which are less efficient for a given cross sectional area) by 
developing an efficiency factor to be used in the formulae. In computing 
the ultimate torque for a specimen Andersen recommends using the 11conjugate 
circle method ll to compute the strength of the concrete to which should be 
added the capacity of the reinforcement to resist torque. The steel should 
be assumed to have yielded at the ultimate torque. For specimens with squar~ 
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cross section) the efficiency factors mentioned above should be used in 
computing both the concrete and steel capacities. It should be noted that 
Andersen's method at best is only approximate and was intended as a guide to 
design. 
The modulus of elasticity in shear for the specimens and the 
torsional rigidity in the elastic ranged appeared to depend primarily on the 
cross section of the specimens and the strength of the concrete 0 The rein-
forcement had a pronounced effect on the tangent modulus and the torsional 
rigidity of the specimens after the cracking torque had been exceeded. 
B.8 Andersen - 1937 
(a) Object and Scope 
This experimental investigation was undertaken to provide data 
for the study of the stress distributionJ modulus of elasticity in shear and 
the ultDnate capacity of rectangular beamso 
Twenty-four specimens were cast with three different cross sections J 
namely 8 by 8) 8 by 10 and 8 by 12 in.) all specimens being 2 ft 6 in. long. 
The reinforcement varied from none to 4-3/8 in. round corner bars longitudi-
nally and from no transverse reinforcement to 12 helices. The longitudinal 
reinforcement had a yield stress of 51)500 psi while the helices were 
formed from 0.1485 in. round black annealed wire with a yield stress of 
33)000 psi. The concrete cylinder strength varies from 3850 to 7000 psi. 
(b) Test Results and Conclusions 
The plain concrete specimens and those reinforced with corner bars 
onlYJfailed abruptly at the development of the first cracks 0 The helically 
reinforced specimens showed considerable ductility after the cracking torque 
was reached. In all of the specimens the cracks initiated at the middle of 
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the long side and propagated in a helical pattern oriented at approximately 
450 to the axis of twist. 
Both the plain and longitudinally reinforced members failed suddenly 
and without warning 0 The addition of longitudinal bars increased the 
torsional resistance of the specimens only slightly and should not be relied 
upon. Comparing the experimental results with those computed by the !!con-
jugate circle formulae!! it appears that consistent results can be obtained for 
rectangular beams in the elastic range if the depth to width ratio does not 
exceed 1.5. As the members approached their respective ultimate resisting 
torques, the stresses predicted by the formulae varied noticeably from those 
computed using the modulus of elasticity and the measured strains, indicating 
a redistribution of stresses after the cracking torque was exceededo 
The addition of only 0031 percent of helical reinforcement increased 
the torsional resistance of the specimens after cracking by an average of 
twenty four percent. The helical steel was observed to take practically all 
of the tensile stresses over and above the tensile strength of the concrete. 
Increasing the amount of reinforcement increased the torsional resistance 
of the specimens. Andersen believes that the ultimate torque of the rect-
angular beam reinforced with helical steel can be predicted by adding the 
torsional capac i ty of an equivalent plain specimen to the torque that the 
helical reinforce~ent is capable of carrying. The yield stress of the 
steel should be used in computing the strength of the reinforcement. 
The torque-twist curves show that up to the cracking torque all of 
the specimens were nearly straight indicating elastic behavior for the most 
part. The slopes of all of the curves was nearly the same up to cracking 
for specimens with comparable concrete strength. The modulus of elasticity 
and the torsional stiffness were independent of the reinforcement in the elastic 
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range 0 After cracking) the helically reinforced specimens showed considerable 
inelastic action before failure 0 When the ultimate was approached for these 
specimens the torque-twist curves were approximately horizontalo 
From the torque-twist curves Andersen evaluated the modulus of 
elasticity in shear using the following formula~ 
G T 
where T the applied torque 
G shear modulus 
~ angle of twist 
B long side 
a short side 
sections respectively 
The computed values of G were ,found to be approximately one half 
of the modulus of elasticity in compression as determined from cylinder testso 
B.9 Marshall and Tembe - 1941 
(a) Object and Scope 
The authors investigated the problem of pure torsion for prismatic 
members reinforced with longitudinal bars and transverse tieso The main 
objective appears to have been to arrive at a reasonable design procedure 
for predicting the ultimate torque of a reinforced concrete beamo 
The investigation comprised the following test specimens~ 
(a) 10 plain concrete circular control specimens 
5-ino round and ft longo 
(b) 12 plain concrete rectangular specimens 6'ino by 4 ft 
long and with widths 2, 3, 3 1/2 and 4 ino 
(c) 22 reinforced concrete beams 6 ino by 4 ino by 5 ft longo 
1. Series B and C longitudinal bars only. 
2. Series D, E, F, G, L and M longitudinal bars and 
stirrups 
3. Series H, J, and K longitudinal bars and 450 helices 0 
(b) Test Results and Conclusions 
1. Plain Concrete 
The tests on plain concrete confirmed earlier observations that the 
specimens failed su~denly when the first crack appearedo The cracks were at 
. l' ~c. 1... 1 . t di 1 . approxlIIlate y 1--:; :0 tHe ongl ,u na axlS u The authors also confirmed that 
the value of :::a.':'::':::-..n stress on plain rectangular sections depends on the ratio 
of the si~es ':":--:-= ::13.ximum stress tended to increase as the ratio increasedo 
Marshall a:-... :: :'e:::.:::: 8.2.so tested four ~T'-beams and tvJ'Q 1 lL1-beams and report 
that usi:1~ ::J.::-~. _ 1iss,-=p~ion that the cross section is composed of disjointed 
rectangle: .:~ .. _ .. 3.::s:'a.:::tory resultsn 
"'r~ ~i:,:~" ~:;:-: :): fillet·s did not affect· the ultimate torque 
noticeat:l:: . 
:e~:s o~ the reinforced specimens, the authors concluded 
that the :,o:-~ ':''::'':-.'~':'' :-igi::ii ty of a rectangular specimen is the same as a 
plain one of si::':'la:- d~ensionso 
Only lorrgitudinal or only transverse reinforcem.ent. has little 
effect on the ultimate torque 0 According to the authors, longi.tudinal rein-
forcement can be taken into account in design by traJ1sform:i.ng it to equivalent 
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concrete area. This usually increases the strength by only ten or twelve 
percent and there does not appear to be any direct relationship between the 
amount of steel present and the increase in torsional capacity over an 
equivalent plain specimen. It would seem advisable to ignore the contribution 
of unidirectional reinforcement in designo 
The authors state that in cases where the reinforcement is divided 
equally between the transverse and longitudinal steel the same stress appears 
in both sets of bars. 
It was observed during the tests that in cases where the rein-
forcement is not equally divided between the ties and longitudinal bars the 
smaller percentage of steel controls the failure. The specimen behaves as 
though it had equal amounts of reinforcement laterally and longitudinally 
with a steel ratio equal to the smaller value. 
For members with helical reinforcement Marshall and Tembe did not 
find Andersen's formula (Andersen [1935 and 1937J), to agree with the data. 
But on the other hand Rauschis formula (Rausch [1929]) 
where T applied torque 
F area of section measured on center line of helix 
f steel stress 
s 
x pitch of helix 
~ area of the helix 
The measured torque for the concrete specimens reinforced with 
longitudinal bars and ties (stirrups) was compared with both Turner and 
Davies empirical formula (Turner and Davies [1934]) and Rausch's formula. 
where 
where 
Turner and Davies 
T T (1 + 0.25p) 
u c 
p < 1.5 
T torque carried by the section 
u 
p total percentage of steel 
T torque carried by equivalent plain section 
c 
Rausch 










A = area of longitudinal bars 
e 
S perimeter of section 
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~arshall and Tembe extended the range of validity of the Turner 
and Davie~ equa~ion beyond p 1.5 by the following additional equation 
where the ~~:a::o~ is the same as that used by Turner and Davies in their 
formula: 
T T (1.33 + O.lp) for p > 0.015 
u c 
With regard to the above formula the authors caution that it 
appears that tie relative value of the reinforcement decreases as its amount 
increases 0 
B.10 Nylander - 1945 
(a) Object and Scope 
The investigation was primarily concerned with gaining an insight 
into the behavior of plain and longitudinally reinforced prismatic beams 
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subjected to pure torsion, torsion and bending and torsion, bending, and 
shear. The specimens were designed to be typical load resisting members, 
where flexure is the primary effect and torsion only a secondary one. Hence, 
none of the specimens were provided with special reinforcement to resist tor-
sional or flexural shearing stresses. 
Sixty specimens of square, rectangular and ITI sections were subjected 
to various combinations of torsions, flexure and shear. Also, a number of 
auxiliary tests were performed to determine the compressive and tensile pro-
perties of the specimens. In the first two series, consisting of 16 (2.875 
by 70875 in. by 5 ft 3 ino long) beams, the specimens were first subjected 
to axial compression before being twisted to destructiono In Series III, V, 
VII, and VIII, comprising 34 square, rectangular and IT' beams the specimens 
were subjected to various combinations of torque and bending moment. All 
of the specimens in these series were reinforced with longitudinal steel 
only. In series IV, comprising ten (70875 by 3.45 in.) beams, the specimens 
were subjected to torsion, flexure and shear 0 
Besides the beams, Nylander tested two frames to determine the 
capacity of the various frame members to re-distribute applied torques. 
(b) Test Results and Conclus~ons 
As in previous tests the failure cracks developed at approximately 
450 to the longitudinal axis for the specimens tested in pure torsion. The 
specimens failed suddenly at the development of the first cracks and 
exhibited little ductility before failure. Nevertheless, Nylander found 
the elastic theory unsuitable to predict accurately the torsional capacity 
of the specimens. Rather, he proposed using the plastic theory for both 
plain and longitudinally reinforced beams subjected to pure torsion. 
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For those specimens tested by applying both a torque and an axial 
compression, the failure torque was reached at the development of the first 
crack and the beams behaved very much like the members subjected to torsion 
as long as the axial compression did not exceed sixty percent of the cube 
strength of the concrete. The axial compression allows the beams to resist 
significantly higher torques than equivalent specimens subjected to pure 
torsion. The axial compression modifies the principal stresses and thus the 
cracks tend to form at much flatter angles. The plastic theory appears to 
work as well for members subjected to torsion and axial load as it does for 
those subjected to pure torsion provided the axial compressive stresses are 
accounted for in computing the allowable tensile stress for the concrete. 
It was observed that an applied bending moment not exceeding the 
flexural cracking moment was beneficial to the torsional resistance of the 
specimens subjected to both torsion and flexure. Likewise a small amount of 
torque, not exceeding the cracking torque for the specimen, increased the 
moment capacity of the beams when the failure was primarily due to flexure. 
The following formula was developed to enable one to compute the required 
longitudinal steel for beams sustaining both torsion and bending 0 
~. 2-- M 
- f3 0 M 2 1 ( v vo) f (-) + 3 




Mb bending moment 
e internal lever arm, i.e., distance from center or 
compression to center of tension in a reinforced concrete beam 
f area of reinforcement 
s 
M twisting moment 
v 
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M permissible twisting moment in those cases where the beam 
vo 
is not subjected to any bending moment 
h = distance from the center of tensile reinforcement to the edge 
in compression 
Since the specimens were reinforced in a longitudinal direction only, 
a similar formula to predict the required stirrups was not developedo 
In order to confirm the principal stress hypothesis, a series of 
beams (series No.4) were subjected to torsion and shear 0 Nylander states 
that the tests confirm that the resisting capacity of a beam required to 
sustain both torsion and shear can be computed by putting the combined 
shearing and torsional stress equal to the tensile strength of the concrete. 
Two plain frames were tested to provide data on the detrusion 
characteristics of structural members; in particular, whether the members 
subjected to torsion were tough enough to allow a redistribution of stresses. 
In both cases the frames possessed adequate toughness. 
B.ll Cowan - 1951 
(a) Object and Scope 
The main object of Cowan's original tests on reinforced concrete 
specimens subjected to pure torsion appears to be to gain a general under-
standing of the behavior and specifically to determine what part reinforcement 
plays in this behavior. 
The specimens, which were subjected to pure torsion, consisted of 
one plain concrete beam, one beam reinforced with longitudinal steel only, 
and three beams provided with both transverse and longitudinal reinforcement 0 
The yield point for the reinforcement was 4204 ksi for the longitudinal steel 
and 2800 ksi for the stirrups. The average cube strength was reported to be 
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4230 psio All of the specimens .were 6 by 10 in. by 9 ft long. The 
longitudinal steel ratio varied from 0 to 203 percent while the transverse 
steel ratio varied from 0.41 to 0081 percent. 
(b) Test Results and Conclusions 
Cowan does not comment in detail about the formation of cracks in 
the specimens and their effect, if any, on the post-cracking behavior of the 
specimens. But, from photographs of the specimens after cracking the cracks 
seem to have formed at approximately 450 with respect to the axis of twist. 
From the torque-twist curves it can be seen that the stiffness 
for all of the specimens up to cracking was nearly the same 0 The plain 
specimen and the one with longitudinal steel only show little plastic detrusion, 
both failing just above the limit of porportionalityo Those specimens rein-
forced transversely and longitudinally showed. considerable ductility after 
c 
cracking. In all of these cases the stiffness was reduced markedly after 
cracking even though the specimen carried additional torque beyond the 
cracking torque. The curves in the range between the cracking torque and 
failure were for the most part linear. The slopes of these lines and the 
magni tude of the ultimate torque seem to depend primarily on the amount and 
position of the steel in the specimen. 
By taking strain readings on the reinforcement Cowan was able to 
show that the steel yielded well before failure of the specimen 0 It is not 
clear from the description of the tests exactly what is meant by 'failure' 
but it is assumed that the author does not mean complete rupture. 
The steel stress was found to be well below its yield point at 
the cracking torque of the specimen. In fact up to cracking the measured 
strains in the steel were quite small. With increased torque, yielding 
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appeared to start at the middle of the longer sides on the rectangular 
specimens. This is in accord ~th the elastic theory but it should be noted 
that by the time the reinforcement yielded, the specimens were already badly 
cracked and no longer behaving elastically. At failure none of the steel had 
fractured. 
Despite evidence of yielding of the steel Cowan believes that the 
failure of the specimens was caused by bond failure or the disintegration of 
the outer layers of the concrete rather than by plastic elongation of the steel. 
Through a series of separate papers (Cowan [1950, 1953, 1956 and 
1960J) Cowan presents several approaches for analyzing members subjected to 
pure torsiono These methods include a strain energy technique, a theory of 
elasticity method sil:J.ilar to Timoshenko I s (Timoshenko [1951J), a method based 
on the plastic theo~y as propounded by Nadai (Nadai [1931]) and an approximate 
strength of materia:s method. 
Cowan's app~oximate method is based on the assumption that the 
resisting t8~que c: a prismatic reinforced concrete beam is the sum of the 
torque of t:--.e ~-::. ~:-. ::~ce:nent plus the torsional capacity of an equivalent 
plain membe:- 7~~~ ::-:te~ion is reflected in the sections of the new 
Australia:-. ==: .. ::~. F:-Ci::':c:e (Cowan [1960]) dealing with the design of rein-
forced con::-f<~' ;:-'~:.' ~':,:ed to torsion, for which Cowan was primari ly 
responsib2.e. 
B.12 Cowa.:; 8:;::: A..-=.s:~c:-~g - 1955 
(a) Object and Sc:o-oe 
This experimental investigation was a companion work to a series 
of analytical articles by the authors (Cowan and Armstrong [1952l, Cowan 
[1953 and 1956], Armstrong [19561) in which they attempt to obtain 
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fundamental information on the behavior of reinforced and prestressed con-
crete beams subjected to combined bending and torsion. 
The experimental work falls into four parts: 
(1) An investigation of seven 6 by 9 in. by 8 ft 6 in. long 
reinforced concrete beams subjected to various ratios of torque and bending 
moment. The yield stress of the steel was reported as 48.5 ksi for the 
longitudinal bars and 20.8 ksi for the stirrups. The transverse steel ratio 
was either 0.6 or 0.8 percent while the_ longitudinal steel ratio was held 
constant at 1.86 percent. The concrete cube strength varied from 8,180 to 
10,000 psi. 
(2) An investigation of nine 6 by 9 in. by 8 ft 6 in. long pre-
stressed concrete beams subjected to various ratios of bending moments and 
torque. The beams were prestressed by 4-1/2 in. round Lee McCall bars with 
an ultimate tensile stress of 152,000 psi. The prestress provided an average 
of 1,300 psi compressive stress across the concrete section. No transverse 
reinforcement was provided in the beams. The concrete cube strength v~ied 
from 6,150 to 9)140 psi. 
(3) An investigation of twelve 6 by 9 in. by 8 ft 6 in. long con-
crete encased steel joists subjected to combined bending moment and torque. 
(4) Control tests on three plain 6 by 9 in. by 8 ft 6 in. plain 
concrete beams were made. One beam was subjected to pure torsion, one to 
pure bending and the third one to both with a ratio of bending to torque of 2. 
The concrete cube strength varied from 6,620 to 7,720 psi. 
(b) Test Results and Conclusions 
The crack formation for beams subjected to combined bending moment 
aDd torque depended on the ratio of bending to twisting 0 For pure bending 
the crack developed at midspan of the beam with a vertical orientationo As 
B.26 
the ratio of bending to twisting approached zero (i.e.) pure torsion) the 
crack angle approached 450 • Cowan observed two distinct types of failure 
for the reinforced beams; a primary bending failure associated with the 
development of vertical flexural cracks and crushing of the compression face 
of the concrete) and a primary torsion failure associated with the development 
of 450 helical cracks. After cracking) the stiffness of the specimens was 
reduced noticeably but the specimens had additional capacity over and above 
their cracking capacity. This additional resisting capacity appeared to 
depend mainly on the amount and position of the reinforcement 0 
In the case of the reinforced concrete beams it was observed that a 
small bending moment increased the torsional capacity of the beams. Cowan 
believes that the compression resulting from bending must be overcome by the 
shearing st~esses resulting from an applied torque before cracks will develop 
and the se2:io~ finally fail. It appears that if the bending moment is large 
enough to ::: ause flexural cracking in the beam) then the torsional. capacity 
will be :-ei .. ....::'3:<::... Increases in bending moment- above the cracking moment wi.ll 
reduce ~~:~e~ :~e torsional capacity of a given specimeno 
:::e ;: ':'a:'!1 a.."1d prestressed beams without web reinforcement reached 
their ul:':"::a :E- ::: s.pac i ties in combined bending and torsion when the first 
crack fo~ei. Regardless of the ratio of bending to twisting moment) the 
failure ...... a~ s-...:iie!1 and destructiveo Large increases in the flexural and 
torsional :a;n:::::.. ::: of prestressed beams as compared to the plain beams was 
observed. The p~ecompression resulting from the prestressing had to be 
overcome before the limiting tensile stress could be developed in the concrete. 
Cowan states that better agreement is obtained between experiment 
and theory if the torsional strength of the concrete is included and the rein-
forcement called upon to take only t~ose tensile stresses which exceed the 
permissible tensile stress of the concrete. 
B.13 Ernst - 1957 
(a) Object and Scope 
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Ernst states: '·'The principal object of the investigation was to 
determine the quantity of transverse of steel required to develop the yield 
point in longitudinal bars placed in the corners of rectangular beams which 
were subj ected to pure torsion fl 0 
Eighteen 6 by 12 in. by 6 ft specimens were tested in pure torsion. 
The beams were reinforced with either No.3, 4 or 5 bars longitudinally and 
with No. 2 bars transversely. The stirrup spacing was constant for each 
specimen and varied from 4 to 28 in. for the various specimens. One specimen 
in each group was of plain concrete. The average cylinder strength was re-
ported as 3923 psi. The longitudinal steel ratio varied from 0.62 to 1070 
percent and the transverse steel ratio from 0 to 0.985 percent. 
(b) Test Results and Conclusions 
From photographs of the tested specimens it appears that the cracks 
initially formed a series of 450 helices around the specimens. The torque-
twist curves show that after cracking the stiffness of the reinforced 
specimens was reduced markedly. Ernst reports the cracking occurred in the 
reinforced specimens at approximately the same torque that caused failure in 
an equivalent plain specimen. The reinforcement allowed the specimens to 
sustain a higher ultimate torque than the. equivalent plain specimens. But, 
Ernst reports that failure to observe any clear plastic rotation for which 
the torque remains constant must limit the allowable angle of twist to that 
at ultimate. 
The test results indicate that by increasing the longitudinal steel 
content for a constant amount of transverse steel the torsional capacity 
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of the specimens was increased. Likewise, increasing the transverse steel 
content for a constant amount of longitudinal steel also increased the tor-
sional capacity of the specimens. 
It was observed that yielding can be induced in either the longi-
tudinal or transverse reinforcement depending on the steel ratios. 
From graphs of torque versus angle of twist there appears to be a 
nearly linear relationship between torque and angle of twist in the range from 
initial cracking to failure. The slope of this nearly straight line, which 
is a measure of the stiffness, appears to be primarily a function of the 
quantity and position of the reinforcing steel. 
The specimens also exhibited a nearly constant torque-twist re-
lationship up to cracking. This relationship, which is a measure of elastic 
stiffness, seems little affected by the amount or configuration of the 
reinforcement. The stiffness seems to be governed, for the most part, by the 
geometry of the specimens and the strength of the concrete. 
B.14 Humphreys - 1957 
(a) Object and Scope 
The lack of understanding of the behavior of concrete under torsion 
prompted Humphreys to undertake an extensive series of tests on prestressed 
concrete specimens. The test specimens were prestressed rather than rein-
forced since Hymphreys believed that the greatest increase in strength could 
be gained by prestressing and with the further advantage that the use of 
complicated reinforcement would be unnecessary. 
The experimental work comprised 94 plain and axially prestressed 
members with five different cross sections, namely, 5 by 5, 5 by 10, 5 by 15, 
3 by 9 and 3 by 12 in. all being 5 ft long. The prestressing force was 
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applied by unbondedLee McCall bars with a stress varying from zero to 6,000 
psi. In addition two 5 by 10 ino by 5 ft and two 5 by 5 in. by 5 ft beams 
with eccentric prestress were testedo The average cube strength of the 
concrete was reported as 8,730 psi with a coefficient of variation, 
v = 5.64 percent. 
(b) Test Results and Conclusions 
The modulus of rigidity was computed for each specimen by two 
separate methods, the first based on strain measurements and the second based 
on an optical system. For the first method the average value was reported 
as 1.77 x 106 psi with the upper and lower limits being 2.2 x 106 psi and 
1.3 x 106 psi, respectively_ For the second method the average modulus of 
rigidity was 1087 x 106 psi with the upper and lower limits being 2.05 x 106 
psi and l.62 x 106 psi, respectively. The values computed by the first method 
appear to be independent of the axial compression, whereas the values for 
the second method tended to increase with increased compressive stresses. 
Humphreys suggested that possibly the axial compression restrains the 
twisting of the specimens slightly which would be reflected in the values of 
the modulus of rigidity computed by the optical method. The results appear 
to be higher than those of previous investigators and may be attributed to 
different concrete mixtures and methods of curing. 
All of the specimens were without web reinforcement so that the 
failures occurred suddenly and without warning when the first crack developed. 
The inclination of the cracks was at 450 for the unstressed specimens and 
with decreasing slopes as the prestress increased. Humphreys reports that 
the crack angles were in general accord with values computed using the 
elastic theory. There was evidence of a compression type of failure for 
those specimens with very high prestress. All of the other specimens failed 
in tension. 
The measured ultimate torques were compared with the torques 
evaluated by the maximum principal stress criterion, where the torsional 
shearing stresses were computed using the elastic theory, and found to give 
a satisfactory correlation for all the specimens regardless of shape except 
for series 70 In this series the high prestress caused the specimens to fail 
in compression 0 Thus, it was concluded that the maximum principal stress 
criterion was satisfactory for the design of prestressed members without web 
reinforcement as long as a compression failure was avoidedo 
The torsional strength of the eccentrically prestressed specimens 
seemed to be nearly the same as for equivalent axially prestressed specimens. 
B.15 Gardner - 1960 
(a) Object and Scope 
Gardner has reported the results of the first series of tests in a 
Cement and Concrete Association (Great Britain) program to investigate the 
strength and stiffness of prestressed concrete 'If-beams subjected to com-
bined bending and torsion. This series comprised sixteen prestressed iIi-beams 
without web reinforcement. The beams were first subjected to a bending moment 
which varied from 10 to 80 percent of the flexural capacity of the specimen. 
Then, the beams were twisted to destruction 0 The rIt-beams were 5 by 8 ino 
over-all and 10 ft 9 in. long 0 The concrete cube strength varied from 6,000 
to 8,000 psi and the prestressing was applied by six 0.2 in. diameter high 
tensile strength steel wires 0 
(b) Test Results and Conclusions 
The two .previous investigations (Nylander [1945J and Cowan [1955J) 
of the behavior of prestressed concrete subjected to torsion uti1ize~ beams 
of rectangular cross section without web reinforcement. In these tests the 
B.31 
beams failed suddenly upon development of the first cracks. In the: tests 
reported by Gardner, the I-beams without web reinforcement exhibited con-
siderable ductility after cracking. This apparent ductility can be seen on 
the torque-twist curves presented in the paper. A possible explanation of 
this ductility is that the high shearing stresses developed in the web of the 
I-beams caused the web to crack while the shearing stresses in the flanges 
were still well within the elastic range. As soon as the web cracks, the section 
loses stiffness but the ultimate torque is not attained until the shearing 
stresses in the flanges reach the ultimate tensile stress of the concrete. 
Gardner did not report strains in the prestressing steel but it 
seems unlikely that any of the steel reached the 0.2 percent proof stress. 
The cracks were nearly horizontal at mid-height of the section with 
increasing slope towards the flanges. The average slope was reported to be 
200 • Tne pre-c~p:-ession modified the magnitude and direction of the 
principal te~s:le st:-esses and this is reflected in the magnitude of the 
torque &''>18. :'~.12 ::: -: li!1ation of the cracks. 
3~:~ :~e e:astic and plastic theories were used in an attempt to 
predict -:tl2 ~c::-;.~:::::s..: strength of the prestressed beams. Gardner found that 
the plas~ i::, +. ::<::' ~:-:;, .~.: eh assumes a constant shearing stress across the 
section, gave +_:-.,:., :::n:Jf~ reliable and accurate results. 
T~e e~as~i~ ~heory gave a good estimate of the elastic behavior of 
the beams. :est results, it appears that the applied bending moment 
has little ~he ultimate torque as long as the bending moment is 
below 80 perce~t of the ultimate flexural capacity of the beam. 
B·32 
B.16 Zia - 1961 
(a) Object and Scope 
Zia wished to develop a simple and conservative method for predicting 
the torsional capacity of plain and prestressed concrete beams without web 
reinforcement and to investigate the influence of web reinforcement on the 
strength and behavior of prismatic specimens subjected to pure torsion. 
The experimental part of the investigation comprised 84 specimens 0 
Sixty-eight specimens of rectangular, 'T' and 'I' cross section were subjected 
to pure torsion. The rectangular specimens were 4 by 12 in. by 9 ft long; the 
'T f specimens 8 by 10 1/2 in. by_·6 ft over-all, and the 'I' specimens 8 by 12 
in. by 6 ft over-all. For each of the various cross sections there were two 
types of specimens, one with web reinforcement and one without. 
Sixteen of the specimens were Ttinstrumented to determine the 
loss of prestress.!: The concrete cylinder strength for the specimens varied 
from 4,750 to 8,540 psi. The longitudinal reinforcement consisted of 7/161' 
str&~d prestressing cable with a varying from 0.32 to 0008 percent 
1/411 mild steel corner bars with a ratio varying from Ooto 0042 percent. 
The hoop reinforcement was mild steel with a ratio varying from 0 to 0.625 
percent. 
(b) Test Results and Conclusions 
As in all the investigations using plain specimens subjected to 
pure torsion Zia observed a helical cracking pattern oriented in a 450 
direction to the axis. The rectangular and T-beams failed suddenly with the 
development of the first cracks. The I-beams developed 450 cracks in the 
webs but the specimens did not fail until the limiting tensile stress had 
been developed in the flanges. This type of behavior was reported earlier 
by Gardner [1960J. 
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The cracking pattern for the prestressed beams was greatly 
modified by the amount of prestressing. Increasing the prestress up to 
about 70 or 80 percent of the compressive capacity of the beams caused the 
torsional resistance of the specimens to increase and also caused the 'cracks 
to develop decreasing slopes to the longitudinal axis. 
The presence of web reinforcement had a negligible effect on the 
elastic stiffness, the cracking pattern or tne cracking torque of the specimens 0 
The prestressed specimens without web reinforcement failed suddenly with the 
development of the first cracks whereas the prestressed specimens with web 
reinforceTIent showed considerable ductility after cracking and an ability 
to withstand additional torque above the cracking torque 0 The torque-twist 
curves for this type of specimen exhibited a flat top region after the 
ultimate torque was reached and this has been interpreted by Zia as evidence 
that the ~eb steel yieldedo 
The specimens with web and a small amount of longitudinal mild 
steel rein:orcement but not prestressed failed to show any significant in-
crease in c!:..lc:':lity or strength over the specimens without web reinforcement. 
This was c~~sed by lack of resistance of the specimens to tensile stresses in 
the longi ~~:!::-~s.: direction. 
:~:;:ar:.der [.1-945] and Gardner [1960 J both advocate using the plastic 
theory to ~redict the ultimate torque for plain and prestressed beams without 
web reirrf8rce:nent. But Zia is inclined to agree with Cowan that the elastic 
solution developed by Sto Venant is more accurate since Zia believes that 
the plastic strains are small at the point of failure of the specimens. 
The elastic theory proved unsuitable in predicting the ultimate torque 
for the I-sections since the web had already cracked before failure. 
For prestressed members both Zia and Cowan believe that Rankinefs 
maximum stress th~ory overestimates and Coulomb's internal friction theory 
underestimates the torsional strength of prestressed members without web 
reinforcement. Cowan's theory, as modified byZia, is presented as a suitable 
criterion for predicting conservatively the strength of prestressed members 0 
The modified Cowan theory depends on both the compressive strength and 
torsional strength, which is assumed to be equal to the tensile strength, 
of the concrete. 
In the case of prestressed specimens with web reinforcement Zia 
recommends using Cowan's strain energy method where the strain energy capacity 
of the concrete and reinforcement are assumed to be independent and the 
ultimate torque can be predicted by adding the torsional capacities of the 
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Number of' Mark Gemnetry Hellcal Reinforcement Concrete Cracking Ultimate 
Specimans, Description Ratio Yield Strength Torque Torque 
Stress Tensile f t 
*** p" f Tcr T y u 
percent ksi psi (Avg) 1b-in. 1b-in. 
1 V 
* 
t-- -I 113.8 '53,300 53,300 
1 VI * it-! 11 " 57,600 57,600 ~ 
1 VII 
* -'-L--'- I I " 39,800 39,800 » 
1 VIII * • t I ! I ("01 " 51,500 51,500 
1 XVI ~ L-L :r ~I " 26,000 26,000 
1 XVII _L...!. ). " 21,200 21,200 
1 XVIII trJl " 25,100 25,100 
1 IX 5 1" @ 450 not 44 " 62,800 87,000** ?'---'\ - r.: spo 1 X 0.276" dia. r,eported 44 " 60,600 104,200** ~,~~y 1 XI 3 4 0 " 44 " 108,200 134,200 10- 'S spo @ 5 




** Computed from shearing stress formula. 
*** 
Helices were 8.27" in diameter. 
TABLE B2 
Bach and Graf 1911 
Number of Mark Geometry Helical Reinforcement Lo~itudinal Reinforcement Concrete Torque at Ultimate 
Specimens Description Ratio Yield Description Ratio Yield Strength Cracking Torque 
Stress Stress 
p" f P f Cu (avg.) Tcr T y Y u 
percent ksi percent ksi psi lb-in. 1b-in. 
1 None I_ .1.i·;? I None 3,530 150,500 150,500 
3 5.9fR 4-0.71". in 2.03 Long. 11 156,000 156,000 
9.84" middle of " Bars 11 173,400 173,400 
sides " Not " 160,200 160,200 
Rept'd 
3 8-0.7111• in 4.06 11 11 160,200 160,200 
middle of " " 11 180,000 180,000 
sides and " " " 173,400 173,400 
45.25"1 I I corners 3 8-0.276". 0.49 58.2 " 4.06 " " 228,000 347,000 
spirals " 11 " " 
.. 




" " 216,500 347,000 
3 5.9,,1( nJ 4-0.71". 2.03 .. " 184,800 184,800 diagonal bars " 11 " 184,800 195,100 
corner to " " " 195,100 195,100 
corner 
TABLE B2 (Cont'd) 
Bach and Graf 1911 
Number of Mark Cf':1Inf't ry Hp11cBl Reinforcement Lo~itudinal Reinforcement Concrete Torque at Ultimate 
Specimens t .. B ,~ r 1 p t 1 on Rstio Yield Description Ratio Yield Strength Cracking Torque 
StreBS Stress 
pot f P f c (avg.) Tar T y Y u u 
percent k.si percent ksi psi 1b-in. 1b-in. 
1 t~ 19.5" I None 3,530 128,900 128,900 
5
09"fA 
3 9.84" 4-0.71"t in 2.08 Long. " 130,000 130,000 
middle of " Bars " 136,800 142,000 
sides " not " 136,800 136,800 
reported 
3 
45·25" I I 6-0.71". 3.12 " " 141,000' 151,900 3/Iong side " " " 130,000 130,000 
" " " " 141,000 141,000 




GRAF AND ~RSClI 1922 
No. of Mark Geometry HooE Reinforcement Helical Reinforcement LoBSi tudina.l Reinforcement Concrete Cracking Ultimate 
Specimens Description Ratio Ult. Desoription RI3.tio Ult. Description Ratio Ult. Strength Torque Torque 
p" Stress p" Stress p Stress c** Tcr Tu 
f"u* fu* fu* u 
percent ksi pelC'cent ksi percent ksi psi Ib-in. 1b-in. 
, Series 1 5·9" 
a 1,780 130,000 130,000 
b 9. 84" " 140,300 140,300 
c " 108,200 108,200 
3 Series 2 
a " 216,500 216,500 
b " 216,500 216,500 
c 45.25" " 173,200 173,200 
3 Series 3 
a 10 -0.394" 0.625 111.1 " 195,000 208,000 
b rp bars " " " 216,500 216,500 
c 9.84" " 1/ " 1/ 195,000 195,000 
3 Series 4 5·9" 
a 1-J.~17 -0.3941/ 1.96 111.1 " 216,500 216,500 
b rg hi~B " 1/ " 216,500 216,500 c 19.5" 1.. 13.41/ dia. 1/ " " 
3 Series 5 
a 17 -0.394" " " 10 .0.394" 0.625 1ll.1 " 216,500 338,100 
b \15.15 11 1 cp rings " 4' bars " 1/ 1/ 216',500 342,200 
c Ii.or.4"Ave Dia. 1/ 1/ 1/ 1/ " " 208,000 303,800 3 Series 6 19.5" 9.8 
a 7 -0.394" 0.62 111.1 " " 234,000 007,000 **if-
b ;,a:pirals " " " 234,000 007,000 
c 11.El1" dia. " " " 224zooo oo7zooo 
* No distinct yield pt., fu .,.Ul.1 ka1. 
** Strength as measured on a 7.87" X 7.87" X 31.4" priam. 
*** Specimen still not exhausted. 
TABLE B-4 
YOUNG, SAGAR AND HUGHES 1922 
No. of Mark Geometry Helical Reinforcement Long!tudinal Reinforcement Concrete Cracking Ultimate T** u 
Specim.ens Description Ratio Yield Description Ratio Yield Strength Torque Torque -T-
Stress Stress crp 
*** 
p" f P f fl T * T Y Y c cr u 
percent kai percent ksi pai Ib-in. Ib-in. 
"3 Series A 
1 5x5-1" Cover 1,700 13,900 13,900 1.00 
2 5x7.5 " 20,200 20,200 1.00 
3 5xlO " " 37,400 37,400 1.00 
"3 Series B 
1 5x5 4 til 4' 0.El6 34.6 " 14,000 14,000 0.99 
2 5x7.5 " 4 ~" ~ 0.87 36.3 " 22,700 22,700 0·95 
3 5xlO " 4 ~' , 0.96 37.2 " 36,700 36,700 1.09 
"3 Series e 
1 5x5 " 4 ~"<1' 0.94 31.55 4 i" , 0.86 34.6 " 13,500 19,000 1.25 
2 5x7.5 " 45
0 
spirals 0·55 " 4 ~" , 0.87 36.3 " 25,000 29,000 1.16 
3 5x10 " 0.39 " 4 i" ; 0.96 37.2 " 34,000 36,000 0·99 
:3 Series ]) 
1 5x5 " 8 ~" ~ 1.88 " 4 i" , 0.86 34.6 " 13,500 25,000 1.56 
2 5x7.5 " 450 spirals 1.10 " 4 tJ" 4> 0.87 36.3 " 24,000 36.000 1.38 
3 5xl0 " " 0.78 II" 4 i" ~ 0.96 37.2 " 34,000 53,400 1.47 
* 
Values of Tcr hav.~ 'been read. off torque - twist diagram. 
** T cracking torqlue for equivalent plain specimen. crp 
*** All specimens 5 ft. long. 
"TABLE B5 
MIYAK)'l'O 1927 
Number of Mark Geometry BOQ~ E~1~Q~~~~~ Eelical Reinforcement ~gg~:B!:9::l na] .Beinf'orc~e~~ Concrete CraCking Ultimate 
Bpecimena De.scription Ratio YieJ.d Description Ratio Yield Description Ratio Yield Strength Torque Torque 




* P f * (Avg) Tcr (Avg) Tu (Avg) y y y .. 
percent kal percent kai percent ksi psi 1b-in. 1b-in. 
8 Group 1 
11 
1, 821 104,952 104,952 
8 Group 2 1t4 0 33·0 It 122,962 166,641 7 -1+ 5 spiral 0 ·709 
5-1",600 spirals 0.716 11 11 8 Group 3 1 119,749 164,340 8 Group 4 1" 0 II 11 114,017 154,441 9~ ~30 spirals 0.745 
z: r-4 
~ r--r;1 1" 0 II llf 0.716 II 174,587 8 Group 5 7~ ,45 spiral 0.709 10 
-'4 41 33·0 125,393 
8 Group 6 
111 
18"4 cp rings 0·709 33,,0 lff 0 7"4 cp45 spiral 0·709 II II 138,810 182,229 
8 Group 7 I \ 1
1r 0 54 ;60 spiral 0.716 
tf 10 1" 
-1;4> 0.716 33·0 II 123,136 174,717 
8 Group 8 , I 111 184 t rings 0.709 33 .. 0 9-j{t300 spiral 0.745 If " 131,950 181,143 
8 Group 9 I' 15.78" -\ 
111 
184 , rings 0.709 " 10 
1" 
-1;4' 0.716 33·0 II 104,856 117,317 
8 Group 10 ~lIJ 7 outer ~ 5 ~er 1.217 33·0 II 129,388 216,964 6 Group II 1" 0 " 1" " 130,256 2}O,8J.4 1;; 45 Bpiral 1.217 12 -'44' 0·759 33·0 
* All reinforcement was mild steel with a tensile strength of.55.5 kai & 6.42 rom. dia. The yield stress was not reported but was probably about 331/0 ka!. 
** Average compressive strength @ 45 days. It is not apparent from the paper whether this is cylinder or cube strength. 
No. ot Mark Geometry R~ Reinforcement 
Bpecimewl Description Ratio Yield 
StreSB 
*** 
pIt f y 
percent kBi 
5" 
8 Series S r--1 5"1DI4" 1 
2 1---1 
, 4" 
4 Beri.. s ~"«f' ti •• @ , i" c/c 0.21 40·5 
5 4" 
6 M 
1 aID 8 ~". thl. 8 1 ~" c/c 0.42 
2 Series R 
Serl.. R 
1 2~4ldJ 2 2 Serin T 6" 
1 
2 2" 4" 2" 
Seri •• T 
* Value assumed for a typical 1:2:4 Mix e.cCC)rdiDS to British Standard C<)(ie. 
** Read off graph. 
*** All Elpecimens 4 tt. long. 
'rABLE B6 





~". B:pire.l @ 450 0.29 
~". B:p. @ 3 i" C/'~ 0.21 
Lo~i tudinal Reinforcement Concrete Cracking Ultimate 
Yieid Description Ratio Yield strength Torque Torque 
stress stress 
f p t f' c Tcr T Y Y t u u 
ksi percent ksi psi psi 1b-in 1b-in 
* 301 3,000 11jOOO 11,000 
11,150 11,150 
4 _ ~"<I» Corner Bars 1.66 40.5 222 12,500 12r500 
1.66 211 10,550 
40.5 1.66 ** 255 12,000 1,,250 
1.66 ** 255 12,000 12,250 
1.66 212 12,000 
1.66 356 ** 16,000 12,000 
17,000 11,000 
217 12,000 12,000 
18,500 18,500 







































Description Ratio Yield 
Stress 
5/3211, Ties 























Description Ratio Yi(tl.d 
Stress 
p" f y 
p.ercent kai 
9 ________________________________ __ 
" " " 
* Values read from graphs 
Note: 





Lo~i tudinal Reinforcement Concrete Ultimate 
Description Ratio Yield Strength Torque 
Stresl3 ft 
* ~ P f c y 
percent kai psi lb-1n. 
2,000 25,200 
2,100 30, BoO 
2,980 35,200 




2 Bars 1.00 18.13 2,100 (8,800 
.. 
" " 2,250 11,100 
" 
.. 
" 2,250 80,100 
.. 
" " 3,600 89-,500 
" " " 3,600 88,500 
.. n 






If 5,000 109,200 
n 
" " 5,200 119,900 
" 
If 
" 1,900 83,~' 
" " 
If 2,100 85,400 
" " " 2,200 95,800 
" " " 2,950 101,000 
" " " 3,100 95,800 
" " 
If 3,400 102,000 
" " " 5,080 114,600 
" " " 5,300 112,ooo 
" 
tf 
" 5,500 127,000 
b. Helical rei,nforcement ratios were not ~ported and insufficient dimeruliona given to a.llow values to be computed. See sketch of section. 
TABLE B-7 (Continued) 
ANDERSEN 1935 
Number of Mark Geometry Hoop Reinforcement Helical Reinforcement Longitudinal Reinforcement Concrete Ultimate 
Specimens 
Description Ra,tio Yield Description Ratio Yield Description Ratio Yield Strength Torque 
Stress Stress Stress f' 
* T pI! f pI! f P f c u y y y 
percent kai percent kai percent ksi psi 1b.;;in. 
9 Group B, 
l" Corner 1 5/32"q> Ties 0.20 43·3 4-- q> 1.00 78.8 2,100 90,600 
2 @ 3" c/c " " 
2 IIBars 
" " 2,200 93,700 
3 \I " " " " " 2,820 102,000 
4 " " " " " " 3,480 109,200 
5 " " " \I \I " 3,480 ill, 500 
6 \I " " ~ " " " 5,050 118,800 
7 " \I \I " " " 5,200 135,200 8 \I " " " " " 5,250 130,100 
9 " " " " " 
6 Group D1 
5 " 1 
- q> spiral b 43·3 " " " 2,470 109,200 
2 32 @ 3"pitch " " " " " 2,470 111,500 
3 \I " \I " " " 3,450 119,900 
4 " " " " " " 3,450 128,900 
5 " " II " " " 4,850 136,300 
6 " " " II " " 5,250 146,900 
9 Group D2 
1 2.-" spiral " " " " " 1.950 118,800 
2 32 q>@ 2" pitch" " " " " 2,300 125,000 
3 " " " " " " 2,300 129,100 
4 " " " " " " 2,550 129,100 
5 " " " " " \I 2,550 133,200 
6 " " " " " " 3,150 134,200 
7 11 " " " " " 4,850 152,800 8 " " " " " " 5,250 156,200 
9 " " " " " II 5,300 151,000 
* Values read from graphs 
Note: 
a. Cracking Torques were not reported except for p1atn specimens where Tu = T
cr
. 
b. Helical ~einforcement ratios were not reported anci insufficient dimensions given to allow values to be computed. See sketch of section. 
I.'M.~LE B-8 
ANDERSEN 1937 
Wo. of ~ark Geometry nelical Reinforcement io~itud1na1 Reinforcement Concrete yracking Ultimate 
Specimens i5eBcription Ratio 'Yield DeBcription hatio 'held Strength 'Torque Torque 
Stress Stress 
pIt f P f f' Tar * T** Y Y c U 
~rcent kat percent kei pei Ib-in. Ib-in. 
3 Seriee 1 
A ~" ., Corner bars 0.65 51.5 3,900 50,000 50,000 
B 0.52 3,900 73,000 73,000 
C 0.432 3,900 90,000 90,000 
3 Series 2 6-
A " 0.65 7,000 62,000. 62,000 
• 
" 98,000 98,000 B .... 0.52 7,000 
.' 
C 0.432 " 7,000 122,000 122,000 
3 Series 3 
A 4,100 55,000 55,000 
B 4,100 73,000 73,000 
C 10" 4,100 120,000 120,000 
3 Seriee 4 
A 6,900 67,000 67,000 
B 6,900 88,000 88,000 
c lor.} 6,900 117,000 117,000 3 Series 5 ~" A 6-0.1~5" , 0.23 33.0 cp Corner Bare 0.65 51. 5 3,850 61,000 68,000 B 7- 0.22 " " 0.52 " 3,850 72,000 79,000 
C I· ·1 8- " 0.20 " " 0.432 3,850 97,000 107,000 3 Seriee 6 b 
A Note: bA • 8" 6- " 0.23 " " 0.65 " 6,450 65,000 71,000 
B ~. 10" . 7- 0.22 " " 0.52 " 6,450 85,000 94,000 
C be • 12" 8- 0.20 " 0.432 " 6,4.50 117,000 128,000 
3 Series 7 
A 9- " 0.34 0.65 " 4,150 68,500 85,000 
B 10- 0.31 0.52 " 4,150 92,000 113,000 
C 12- 0.31 " 0.432 " 4,150 116,500 1~,000 
3 Series 8 
A 9- 0.34 0.65 " 6,850 90,000 112,000 
B 10- " 0.31 0.52 6,850 120,000 144,000 
C 12- 0.31 " 0.432 " 6,850 159,000 192,000 
* Computed from ratio Tu/Tcr 
** 
Scaled from graphs 
'.IJU).I.,d!; D'::J 
MARSHALL AND TEMBE 1941 
Number of Mark Geometry Lo~itudinal Reinforcement Concrete Cracking Ultimate 
Specimens Description Ratio Yield Strength Torque TC?rque 
stress 
p f c * Tcr T y u u 
percent ksi ksi Ib-in. Ib-in. 
10 Series 0 I- 5" I 1,780 7,590 7,590 1 1,780 7,590 7,590 
2 DI 1,780 7,280 7,280 3 - 1,780 6,910 6,910 4 1,780 7,690 7,690 
5 Length 5' -0" 3,200 8,700 8,700 




60 days 9,240 9,240 
8 60 days 8,700 8,700 
9 90 days 9,220 9,220 
10 90 d8\Ys 9,220 9,220 
12 Series A 
1 Lengtb 4' -0" 3,200 10,250 10,250 
2 " 9,740 9,740 
3 Series A " 10,250 10,250 
4 " 10,350 10,350 
5 [JE" " 3,590 3,590 6 " 3,080 3,080 7 " 6,150 6,150 8 " 7,180 7,180 
9 Length 4 I -0" " 9,520 9,520 
10 Series A " 9,220 9,220 
11 " 6,860 6,860 
12 " 7,060 7,060 4" 
3 Series Ba I' 11-
1 6IG~" 4- 5/16"cp 1.28 44.0 " 11,800 11,800 2 " " " " 11,280 11,280 3 " " " " 11,800 11,800 
3 Series Cb · · T 
1 --t~I1~ 4- 5/16"4> " " " 11,280 11,280 
2 " " " " 11,850 11,850 
3 Series B, D to M " " " " 10,760 10,760 
a In corners. * The concrete was a nominal 1: 2: 4 mixture which yielded a 28 day strength b In center of sides. of 3200 psi. The 7 day strength would be approximately 1780 psi. 
H Nominal sizes. 
TABLE B9 (Cont 'd) 
MARSHALL AND TDmE 1941 
Number of Mark Geometry Hoo~ Reinforcement Lo~itudinal Reinforcement Concrete Cracking Ultimate 
Specimens I)ucrlptlon Ratio Yield Description Ratio Yield Strength Torque Torque 
Stre88 Stress 
... p" t f c * T T y p y u cr u 
percent kai percent ksi psi 1b-in. 1b-in. 
.3 Series D 4" la-t"q,at1rrups @ 2.54" 1 H 1.28 4-5/16"1i> in corners 1.28 44.0 3,200 14,360 17,410 2 " " 1.28 " " 13,320 17,200 
3 ~!BJ" II " " " 13,320 16,400 2 Series B 1 15~"<i>stirrupB @ 2.90" 2·50 4-7/16"1i> in corners 2.50 " 13,820 18,240 2 " " " " " 15,400 19,500 
a Serie.1I' .+,--+ 
1 ~" 17-5/16"q>atirrups @ 2.80" 1.80 4-.3/8 "Ii> 1n corners 1.80 1;,;20 17,420 
Iii II " " 14,100 16,800 flel'i •• C 
2 Beri.. G 
1 22e ,/16"li>stirrups @ 2.22" 0.82 4-1/4"1i> in corners 0.82 " " 12,550 15,160 
a II " " " " " 12,550 15,290 
Iii Seriel L 
1 15·,/8"<i>st1rrups • 2.90" 2.50 " " " 11,350 15,750 
2 " " " " II " 11,250 14,800 
2 Series M b 1 t- , 22.,/16"'hItirrups 8 2.22" 0.82 4-7/16"cjJ in corners 2.50 " " 1.3,200 17,700 2 " " " " 12,950 18,850 
1 Beriel If' alnrr:fiFJn 1 ~" - None 4-1/4 "Ii> in cornera 0.82 " " 10,250 10,760 
1 Beriee ;. ~ 1 " II " " " l2,8oo 19,490 
1 Series Ke al~JT=a;II 1 " " " " " 17,410 28,700 ~ ~n 6" 4 Series T 
}" I. 6: .1 1 and 2 " None 1,780 15,140 15,140 5 and 6 " " " 16,405 16,405 
2 Series ''ELL'' Series or aDd "1Ul" 1 and 2 " " " 13z.31O 1~l~10 
c 1-.3/16"<1> sp.@ 45° - 0.165 - liJ.4.0 * The concrete was a. nominal 1:2:4 mixture which yielded a 28 day strength of .3200 psi. The 
d .3-.3/16"<1> sp.@ 45~ - 0.495 - liJ.4.0 7 day strength would- be apprOximately 1780 psi. 
e 5-.3/16"<1> ap.@ 45 - 0.825 - liJ.4.0 ** Nominal si zes • 
*** Length 5 '-0" 
TABLE B10a 
NYIANDER 1945 
No. of Mark Geometry Concrete Cracking Ultimate Compressive 
Spect,mens Strength Torque Torque Stress 
f' c T T d 
c 'u cr u z 
(15xl5X90) 15c~ 
psi psi 1b-in Ib-in psi 
a Series I 
1 I] .8751~ 3410 4475 46,&>0 46,800 0 2 4370 52,100 52,100 
° 3 0]1.815" 3400 4400 92,400 92,400 534 4 4325 83,300 83,300 562 
5 3300 4300 109,200 109,200 1089 
6 3810 109,200 109,200 1019 
7 Length 5' -, " 3360 4440 114,500 114,500 1331 
8 3375 4430 117,100 117,100 1348 
a Series II 
1 19{b 3020 72,{b0 72,800 426* 
2 2490 
3 1938 2820 78,000 78,000 1005 
4 2720 78,000 78,000 1015 
5 1851 2745 41,600 41,600 0 
6 2520 36,400 36,400 0 
1 2062 2819 93,100 93,100 1315 
8 2801 83,300 83,300 1339 
NOTJ~: In Series I and II the compressive force was applied first. All specimens were plain concrete. 
* 13:pecimen broke prematurely. 
TABLE BlOb 
NYI...AWER 1945 
No. olt Mark Geometry Longi tud1nal Steel 
































rl I; 1.815" 
[- JI2.56" 
~. 19.7" J 
• 
* Ste~ 44 - ult. stress = 62 + ksi 
** meeisured OIl 15 x '15 x jOcm cylinders end 15 .15 ~5cm cubes. 














































































































No. of Mark Geometry Longitudinal Reinforcement Concrete Cracking Ultimate Ultima~ 
Specimens Description Ratio Yield Strength r.t>ment Torque Moment 
p stress r 
* llfn ** f cll M T Y or u percent kai psi 1b-1n 1b-in 
6 Series VII 
1 3.54" 2-0.'92"'1' 0.31 -39.8 4,220 44,400 0 100,300 
2 II II 39.8 4,220 44,400 0 94,400 
• • 3 n II 39.2 4,075 44,400 19,500 100,300 
4 
t.5610 
II II 39.2 4,015 36,980· 19,500 94,400 
5 0.79" II II 39.6 4,150 29,500 26,350 76,100 
6 II .. 39.6 4,150 29,500 23,420 82,200 
10 Series VIII 
1 IQ+ 2N~-0.392I1'1' 0.39 43.25 3,930 21,350 39,000 52,100 2 II 43.25 3,930 34,400 31,200 52,100 3 7.815' 0.59" " 43.7 3,930 46,250 39,000 58,OCJ 4 II 43.1 3,930, 
--
35,100 58,000 
5 tr 49.7 3,740 52,100 54,600 75,700 
6 1.815" n 48.7 3,740 52,100 50,700 75,-700 
1 " 47.0 4,100 51,000 50,100 110,000 
8 " 46.2 4,100 51,000 54,600 110,000 
9 II " 38.7 3,970 34,400 31,200 58,000 10 II " 37.0 3,970 28,550 19,500 58,000 
* Measured on 15 x 15 x 90 cm cylinders. 
** Length l' -2.6" 
TABLE B10d 
NYLANDER 1945 
No. of' Mark Geometry Lo~itudinal Reinforcement Concrete Ultimate Ratio Shearibg Shearing 
Specimens Description Ratio Yield Strength Torque e/b* stress * Stress * 
p Stress (Stage I) (Stage II) 
f fl c T 'f S ( I) 'fs(II) y c u u 
percent ksi psi psi 1b-in psi psi 
10 Series IV 0.59" 
*=017,875" ~' 18. 3 '''''cp 2.98 38+ 2,790 3,860 0 286.0 285.0 1b - 4 " " 2,790 3,860 0 354.0 353·5 28. " " 2,780 3,730 69,400 0.42 220.0 220.0 2b " 2,780 3,730 67,600 0.41 215.0 214.0 
38. " 2,540 3,640 103,100 1.07 128.0 128.0 
3b H " 2,540 3,640 127,300 1.66 105·2 105·2 4a " 3,940 133,600 2.16 83.6 83.6 
4b '.54" " 3,940 136,100 2.18 79·7 79·7 
58. Lenstb 5' -10.8" " 2,990 3,620 156,000 co 
5b " 2,990 3,620 147,300 co 
* 
LOt\D 
, (1) 'f I = shearing stress, stage I (uncracked) s 
R 
~ = 1·5 (b.H) Speclmen I ·f (2) 'f 11= shearing stress, stage II 5'-," s 1·31R ::a--
LOAD bh 






Mark Gecmetry Helical Reinforcement Lo!!Bt tudinal Rein:f.'orcement . 
Description Ratio Yield 










A ~Dl'o" B 9-~" ~ Sp. 
C ~ 1212" cp Sp. 
1812" cp Sp. D 
length 9' -9" 












P f Cu (avg.) T Y cr 
percent ksi Ib-in. 
4230 31,000 





** All reinforced specimens were initially loaded in the elastic range and then unloaded. A bending moment of sufficient magnitude to produce cracking was 
applied and removed before the specimens were tested to destruction. 












(PLAIN AND REINFORCED CONCRETE) 
No. of Mark Geometry Hoop Reinforcement Longitudinal Reinforcement Concrete M Cracking Cracking Ultimate Ultimate 
Specimens Description Ratio Yield Description Ratio Yield Strength T lOOment Torque Moment Torque 
Stre,s13 stress Ratio 
* 
p" fy p f c Mcr T M Tu y u cr u 
percent ksi percent ksi psi 1b-in 1b-in 1b-in 1b-in 
5 Series R O}, 3 111 ties @ 4" c/c 0.6 20.8 5 - ~:II4> 1.86 48.5 9,070 0 49,000 71,800 5 4 " bars 2 " " 10,000 1 66,000 66,000 75,~ 75,400 
2 " " " " 8,600 2 148,000 74,000 158,000 79,000 
1 ~ " " " " 8,550 6 216,000 36,000 258,000 43,000 4 " " 8,980 00 178,800 240,600 
2 Series S 
1 1,,~ ties @ 3" c/c 0.8 " " II " 8,460 2.5 169,000 67,600 206,500 82,600 
2 4 II 0.8 II " " 8,180 4 192,000 48,000 258,~ 64,600 ~ 3 Series T Dr" 1 None 7,720 0 58,120 58,120 3 8,240 2 42,200 21,200 42,200 21,200 2 6,620 00 47,000 47,000 




No. of Mark Geometry Longitudinal Reinforcement 
Specimens Description Ratio Ult. 
Stress 
** f * P u 
percent ksi 
3 Series M 
1 D}" 4 - !"cp 0.815 152 (] 2 :Lee Mc8al1 " " , Bars " " 
6 Series J I- -I 
4 4 - !"cp 0.917 " 
5 :Lee Mc8all It " , 
O}" Bars It " 2 " It " 1 " " " 6 " " " 
M 
* f = 152,000 psi no distinct yield, uniform prestress of l,300·psi initial. 
u 
** Length B'-6". 
Concrete M Cracking Cracking Ultimate Ultimate 
Strength T Moment Torque Moment Torque 
Ratio 
c M T M T u cr cr u u 
psi Ib-in Ib-in Ib-in Ib-in 
6,150 0 102,200 104,200 
7,600 2 127,000 63,500 186,800 93,400 
6,230 00 160,000 330,000 
8,930 0 49,600 49,600 
8,740 2 150,800 75,400 150,000 75,400 
9,140 3 186,800 62,200 186,600 62,200 
7,930 4 215,200 53,800 '215,200 53,800 
8,230 8 178,400 22,300 286,400 35,800 
6,750 00 21'7,000 434,000 
TABLE B13 
ERNST 1951 
No. of Mark Geometry Hoop Reinforcement Lo~itudinal Reinforcement Concrete Cracking UltiJIlate 
Specimens Description Ratio Yield Description Ratio Yield Strength Torque 'l'orqlue 
Stress Stress 
'p" f P f fl (A1lg) Tar T y Y c \lL 
percent ksi percent ksi psi 1b-in lb-i,n 
6 3TH 
0 4- 3' in Corners 0.62 53·6 3,923 31,600 31,600 
112 #2 @ 28" 0.011 55.5 II II " " 35,000 35,000 
~= #2 @ 14" 0.141 " " " II II 30,200 34,3iOO I- 6" -I #2@ 1" 0.282 " II II II " 34,600 49,1'00 15 12 r---, , f #2@ 4" 0.494 II II II II II 35,000 61,1'00 30 1/Q 2-#2 @ 4 0.985 " " II II " 35,000 76,000 I , 
6 4m 
! In 0 4- 4cp in Corners 1~10 41.0 " 30,200 34,~oo 1#2 I I ~ ~ #2 @ 2811 0.011 55.5 " II II " 32,100 32,100 3#2 #2 @ 14" 0.141 " II II II II 30,200 35, coo 
7#2 I I te.@ 111 0.282 II' II II II " 35,000 54,aoo 
15 #2 L __ J #2@ 411 0.494 II II II II II 35,000 74,000 
30 #2 2-2# @ 411 0.985 II II II II " 40,000 85, coo ~ 6 51'R 
0 4- 5' in Corners 1.10 48.6 " 33, Boo 33,HOO 1#2 Length '6'-0" #2 @ 28" 0.071 55·5 II II II " 33,400 33,~OO 
3#2 #2 @ 14" 0.141 " " " " II 30,200 43, coo 
7#2 #2@ 7" 0.282 " " " " " 35,100 59,1'00 
15 #2 #2@ 4" 0.494 II " II " " 40,000 76,5;00 
30 #2 2-2 @ 4" 0.985 " " " " " 35,100 92,600 
TABLE B-14 
HUMPHREYS 1957 
No. of Mark Gecmetry Lo~tud1nal Reinforcement Prestress Concrete CrackiDg and 
Specimens Description Ratio Ultimate (Uniform.) Strength Ult. Torsional. 
*** r:' 
Stress Stress 
p fu (J C T = T Z U cr' u 
percent k.si psi psi psi** 
5 PO 
A None 0 8,7;tJ ave. m 
B II 7lf5 
C D}" n Variation 774 D n II V = 5.64~ 75e E n It 765 
5 P1. ~ 
A Lee McC8.ll. 
* 152 0 n 7tIJ B Bars-Unbonded 8~ 
C II " " " 855 
D II " 
n 814 
E " " " 742 
4 P2 
A 
* 152 1340 n 1160 B " 1340 1l;tJ 
C " II 1340 " 1046 








-..,,- -II"'" ... .;7'" 
B " 
n 1775 " 1190 
C " 1820 n 12;tJ 
p4 
A n 
* 152 2720 " 1740 B " " ;tJOO " 1815 
C n " 2620 1695 
4 P5 
A Lee McCall 
* 152 ;810 87;tJ ave. 2070 B Bars-Unbonded " ;810 Variation 1985 
C " n 3560 v = 5.64~ 2083 
X 3270 " 1870 
p6 
A 
* 152 4;80 " 2205 B " " 4;80 2220 
C " n 4510 2270 
P7 
A 
* 152 6250 " 1620 B n 5800 " 2075 
C n 6250 " 2020 
3 PRO Oro-A None 784 B " " 680 C " 690 
PRH 
A ~ None " 6S5 B n 724 
C " "716 
, PRl 
A Lee McCall 
* 152 " 728 B Bar-Unbonded " 750 
c n n "7'lf~ ,.,..,. 
TABLE 1B-14 (Contllnued) 
HUMPHREYS 1957 
Bo. of' Mark Geanetry I Longi tudinal. Reinf'orcement Prestress Concrete 'Cracking and 
Specimens Description Ratio Ultimate (Uniform) Strength Ult. Torsional 
*** 
Stress Stress 
p f' (j C T = T 
U Z U cr u 




152 821 934 
B 11 11 875 934 
C II 920 II 970 
1 FR3 
A n 





152 2520 1475 
B n n 2610 n 1320 
C " " 2750 1542 
PR6 
A " * 152 4280 " 1670 B " n l!o9O 1820 
C II 4350 1765 
3 PSO 
A Hone 689 
B " 
11 683 
C n 689 
PSl 1. '-}" 
A Lee McCall 
* 152 740 B Bars-Unbonded n 735 
C n n n 720 
3 PS2 ~ A n * 152 570 II 920 B n n 550 II 835 
c n .. 685 800 
3 ps4 
A II 
* 152 2270 " 1200 B II n 2200 II 1502 
C n 2200 1355 
3 ps6 
A n 
* 152 ~10 1940 B " II ;890 1830 
C n n 3770 n 1775 
3 pro 
A None 767 
B 0]9" II II 735 c II 680 3 PrJ.. Lee McCall A Bars-Unbonded. 
* 152 
II 700 
B " II 714 
c ~ n " 690 
3 Pl'2 
A n 152 610 n 853 
B II n 620 897 
c n 620 n 921 
3 Pl'4 
A II .. 152 1740 1410 
B II 1670 II 1550 
c II 1740 en 1270 
TABLE B-1.4 (Continued) 
HUMPHREYS 1.957 
,No. of Mark .Gecmetry Lcmgi tudinal Reinforcement ,Prestress ,concrete ,cracking and 
Specimens ,Description .Ratio V-Ltimate (Uniform) Strength Ult. Torsional 
Stress Stress 
M* p f Ci C T = T 
U z u cr u 
percent. ksi psi psi psi** 
3 Pr6 
A 
* 1.52 2540 1.800 B " 2470 " 1.800 
c II ~ .11 J.8oo 
PUC 
A Neme " 728 
B n II 71.0 
c " " 740 
3 POl 12" 





A " * 1.52 630 " 1.056 B n 600 " 1.1.50 
c " 
n 640 II 1.056 
3 pu4 
A " * 1.52 1.l&> 1.421-B " " 1770 II 1565 
C n n 1.690 1.472 
:3 ru6 
A " * 1.52 3420 1.681. B n n 3180 1785 
C " 
n 31180 1856 
2 PREA " * 152 3940* " 1.1.20 PREB " n 3940* 1.000 
2 PEA. " * 1.52 3930* 885 FEB n n 3930* 930 
* Number and disposition of prestressing bars was not reported. 
** T = T = K (T+O.3Ci )zb(2a)2 
u cr z 
Where K = constant depending upon the cross section. 
*** All specimens 5 1_0" 1.ong. 










































LoDS! tu.:Unal Reinforcement 
Desorlptlon Ratio Ult. 
p.s. wir43S 
6-0.2" q. 



























































































































* The beams were tested by first applying the b~9nd.ing moment and twisting the specimens to destruction. 
** High tensile wire with no distinct yield pt. :t:~ = approx. 230,000 pSi, initial prestress ave. 1070 psi. 
*** Evaluated from graphs. 
TABLE B16a 
ZIA 1961 












































































(PRESTRESSED SPECIMENS WITHOm WEB REINFORCEMENT) 
No. of Mark Geometry Prestressing Reinforcement 





9 Seriee R 
0-1 :3 - 7/16" strand 0.68 27 
0-2 (19,750 lb. initial) tl " 
0-3 " " " 
2-1 " " " 
2-2 " II II 
2-' " II II 
2·5-1 " " " 
2·5-2 II " " 
2.5-3 " " It 
6 Seriel T 
0.25-1 3 - 7/16" strand 0.62 " 
0.25-2 (18,900 lb. initial) " " 
2.25-1 " " " 
2.25-2 " " " 
2.75-1 " " " 
2.75-2 " " " 
6 Series I 
0.75-1 3 - 7/16" strand 0.53 " 
0.75-1 (18,900 lb. initial) " " 
3-1 " " " 
3-2 " " " 
3.5-1 II " " 
3.5-2 " " " 
* N~ before the hyphen indicates the eccentrieity of the prestressing force. 
** Area of single strand::: 0.1089 sq. in. 
Effective Concrete Ultimate 
Prestress Strength Torque 
Force 
i' T c u 
kips psi 1b-in. 
48.87 8,050 44,200 
48.87 8,050 46,500 
48.40 8,200 46,720 
50.00 8,500 47,900 
50.00 8,540 51,040 
50.00 8,540 49,240 
48.37 8,540 45,640 
48.37 8,540 47,240 
48.37 8,540 43,040 
50.76 6,590 51,120 
50.76 6,590 51,980 
47·92 6,785 '35,200 
47.92 6,785 32,920 
47.10 6,785 33,960 
47.00 6,880 32,960 
51.59 4,750 46,600 
51·59 4,750 46,100 
49.90 5,270 45,220 
49.90 5,270 50,780 
49.98 6,210 54,110 
49.98 6,210 53,300 
TABLE B16c 
ZIA 1961. 
(PRESTRE9SED SP:mIMENS WITH: WEB REINFORCEMENT) 
Number of Mark Geometry H~ Reinforcement Lo~itudinal Reinforcement Prestreas1~ Reintorcement Concrete Ultimate 
Specimens Description Ratio Yield Descr:i:ption Ratio Yield DescriPtIon Ratio Ult. strength TorCl» 
Stress stress Load 
pl** f P t *** Pp f~ (Ayg) Tu (Aq) y Y 
percent ksi percent ksi percent kips psi 1b-in. 
10 Series RW 1" Ties @ 4" c/c 0.625 ".0 4- 1" bars 0.42 
0-1 and 2* 1j: " " " 1j: " " ".0 ,- i:t," Itt-aDd 0.68 27 7,180 54,0110 
2-1 and 2 " " " " " " (18,900 lb. " " 6,950 51,970 
initial) 
2.5-1 and 2 " " " " " " 6,950 52,940 
1,2" and 4 " " " " " " " " 6,950 29,810 
9 Series TW 
,- rt" strand 0.25-1 and 2 " 0.60 " " 0.,8 " 0.62 " 6,590 52,,20 
2.25-1 and 2 " " " " " (18,900 lb. " " 6,785 4,,850 
initial) 
2.75-1 aDd 2 " " " " " " 6,880 48,700 
1,2, and , " " " " " 6,590 ,0,710 
9 Seriea IW 
,- ~" strand 0.75-1 and 2 " 0·51 " ." 0.,2 " 0.53 " 4,750 52,100 
'-1 and. 2 " " " " .( 18,900 lb. " " 5,270 58,740 
initial) 
'.5-1 and 2 " " " " " " 5,270 60,100 1,2 and , " " " " " " " 5,270 ,6,550 
* Number before hyphen indicates eccentricity of prestressing force. 
** 
Ratios computed. by distance measured from cross section, therefore values are e~pproximate. 
*** Strand area'" 0.1089 sq. in. 
